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16.

W oay, -, am N m PIER, EH:

lim {/a} +af + -+ at, = max{a1,az, - ,am}.

n—oo

17. WEBA T 5B

18.

19.

20.

21.

22,

23.

24.

25.

26.

(1) an = (1_%) (1_2%)...(1_2%);

1 1 1
@a=s3tegat tay
(3) anzao+a1q+---+anqn, ﬂ':l:l 'aklgM (k':l'lz’)'l ﬁ'ﬁ |Q] <1;
_cosl cos2 cos3 cosn
Bren=g 2 gat gt be
HERR T 5B s, 2K H HAR PR
n
(1) an = c_"(c > 1);
2
(2) a1 = gaan+1 = % + %(0 <e< 1)
(3) a > 0,ap > 0,an41 = % (an + ai) ($7R: JEIEM o > a);
I — An-1 z
(4) a=l,a, =1+ PR L
(5) @, = sinsin---sin1 (n 4> sin).
#a,<agby(n=12,---), H li_r.n (an — bn) = 0, KiiE: lim an = a, Ilm b, = a.
WER:# an >0, H lim aa" =1!>1, M lim a,=0.
n—00 Ap41 n—oo
W {an}, {bn} BIEEF, 2 a_;+_1 < bzﬂ yn=1,2,---, KiE: # {b.} WL, W {a,}
.
AR lim (1+1) = e RTAEGIGBR
1 2n+1 1 n+1

(l)an=(1+2n+l) 3 (2)an=(1“m) ;
(3)a, =(1+n)n (4)0, =(1+i)2n3

" 24+n/)’ " n3 '
W lim a, =00, H |by| 2b6>0 (n=1,2,---), iEBH: lim a,b, = cc.
Hi%E n — oo B, ¥/n! 5 nsin %n(n >1) BREAR, BBRBTIIH K.
EF {an} B a1 = 1,an41 = an + 'ai (n>1) EX, iEH: an — 400 (n — 00).
it 2 70 Stols SEMHIEY.
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1.3.1 ¥

PREUI R 75 i Z (B X R OC R . B AHA R 2 R 00 G R AR T LAt
%ﬁi@%ﬁ@é? BN, A& TERE ¢ 5 %R A ZEHRRZ ho—h =

ﬁMCK*g%EﬁMEE)ﬁgﬁnﬁmgwﬁﬂmﬁ E BTz
JEEvE%“ﬁEzémﬁ%ﬁ%ﬁﬁ%ﬁﬁﬂﬁ%ﬁ%&ﬁﬁmﬁi%ﬁﬁ

Q%%ﬁI%%§%Q:éM{ﬂ¢R%@%%%ﬁ%ﬂ%ﬂ%ﬁ?%ﬁ%
f o MEﬁ:ﬁ%'ﬁ WSRO B ALK IE + 5=MBHER S ZERXR
g1 (mm)a:$¥ﬁ$ﬁ%¢m£&@a SR A A2 1

EB’J*ﬁJU‘T SHBIRZ IR RIE y = —aa; (HH o AL OB T7 A

KN, BREBRE, X B2 FT Eﬁﬁlfﬂﬂf [, {Efh 52 R R R A —
PREL. 248K, — M REE D A 2%, k7 St A AHIA].

(1) EARHE

X T8 LAESLEE R (R T4 L HIUE S8 sR &8, 7488 LA T

ENX 1.23 % AR RWHESTE, &5 T A PE— 8 o, #A4ME—
BN y e R 5230 (BPEfEM), K v igi f(z), A, B f 2 A E—F
SAERREL. EE AN f HYE S, ML f(x) FRA f e, f —UIHERNES
M f EESE, EHEICH F(A), B f(A) = {yly = f(z),z € A}. SIHLL, #K = A
HARE, y AHAEE.

fRYE B X, BRECE =R, R SO | [EA (AMER) XTROCER.
— A ERBE AT IR R — TR A C R BEA R NRIBLS:

f:A—R B f:z+——y=f(z).

FE S S A s —— X Rz, TR — R L RoR, By = f(z) R
%, %mxbﬁﬁ?fﬂﬁﬁkmfﬁﬁ_fﬁﬂrﬁﬁ Ozy KRS | (B ET1E RO B
Wi, My = f(z) BERENRE Ozy FEARA (2, f(2)(z € A) B R T-TH
S (REHEHERT, XN HER—FK (5 B) ).
PRSI B M S BRAE PR B R L, BT — R FAT T v B EZ, 5
= f(z) WBRBREZA .
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WRREL f BYE BCH A, — i, HAEE f(A) MHESIRERE S, B =
FRE AR 7 P e 1 T 22

1° REMEE f(4A) B—1EREE. SFE—TERNFE M, {15 f(A)
BFTEXE [-M, M) H, BIXHE—4 2 € A, B |f(x)| < M, WFKEE f N A
FRBEREE, sEVRE f £ A AR

2° BN A 5EE f(4) RAF (HEEF) . B A PEEFIE 21,20
AR/, Y5 BN EES f(A) FRPDE g = fle1),y2 = flz2) BY
KNBFARR (BCFEAR), HATFReREL (o) 2R, BEUIHLYL, f(z) FRA A
Y

PR pREL, IMEER) 21,70 € A, MR 21 <20, A f(71) < f(22);
BRI PREL, SHMEE Mz, 20 € A, TR 21 < 22, B f(z1) > f(22).

FALE B pR ORI BRI R, SR R R L. A A ES A S, W
R f(o) AFRAEE (B) &L

3° BN A 5ESE f(A) ——XRL. BIXE—1 y € f(A), BEE—HTE
) x e AR fz) =y NEHERLE, EREM—KFTT « IEL, 5

BRESFRA f(x) BOSCPREL (BGHEBED), i8R £~ Bl o = £ (y). BERE SHh
f(A), (HIH A.

REAE, & f 2 A LM REL W f 82 A B f(A) B—F——
s, PRt A i R

(2) EHHES

AR sRBAE T ATTA LA & SO DR 2 T RAREA TN | ik | 3fe | B rd iz 55
B (FBREERr, RAEAE A A B XN A T). X B 2 21 pR Y ) — Fhiz
) REMEFEE.

AR vy = f(u), XA B, HEHA C; u = g(x), & A A WHRK
B g(z) BB g(A) BETE BN, IF4H

fog(z) = flg(z))

ENLT—NHRE fog, MZA f 5 g WESERE, ErYE IR A #HICH
y = f(g(x)), MFR v KiE]ZE &,

MBLE AR, S mREELREMN A B B 53| © f—west, anE 1.2 A
.
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g f
/;mx\ /:\ y
& 1.2

HEE, fog 5 go f —HOFAHR, (BAESED, EaisRmLsial
(fog)oh=[fo(goh),

P fogoh o, BICH fg(h(z))), ERE=AMEMES. R AT LI
BEBARZ RN E S

(3) ¥IZERH

X HL L B G — e AR Ay W R T S B R SR RS 11 PR R
B, PR . FEBCREL . XTERE . =AM RES AR, RETTHERNE
BREY. H A SR BT A PR N | W 3 . BRANE G E AT H ) sk ERR A4
LEH.

) 1.3.1 & n 2AEGEEL, B

f(x) =anz™ + -+ a1z + ag

WA N S TR ESL. FASTES f(2), o(z) 1975 L% FohEBEM,
B U AR o(z) = 0 BIFTA STEL

Bl 1.3.2 JEn

()
g(x)

fz) = x®

E’J@ﬁﬂﬁ%@ﬁi Hrp o TLUBERSEEL W0R o ABEL f(z) WURA K
%ﬁ[ﬁﬂ%a— ym =2 H m AIFEE, f()_x"%:%%*ﬁﬁ@ﬁ,ﬁﬂ%m

R f H‘Ji){ﬁj’ﬂ x>0, MHE m BEHE fAMEE 2 AL R o 2T
FREY, f BOE L —RERLE N = > 0.
fl 1.3.3 Frif W B 25T 4 RS, B0 E R R

. eT —e ~ e +e "
sinhx = 5 \ coshr = 5
tanhz = - cothz = i = (z #0).

e +e %’ e® —
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B4 BIFR A XU IE 52 pRE . DU A 5% R gL . XU IE DT pR % . XU R DT pR L. X
i RS — A RO ML PERR, 35248 v B IEZ.

sinh(—z) = —sinhz, cosh(—z) = cosh z,
sinh(z 4+ y) = sinh x cosh y + cosh z sinh ¥,
cosh(z + y) = cosh z cosh y + sinh z sinh y,

cosh®?z — sinh?z = 1, sinh2z = 2sinhz coshz, cosh2z = cosh®z + sinh?z.

B 1.3.4 SRAUM IESZPREL v = sinha A REL y = sinh .
% % y=sinh 'z, M| z =sinhy, M

e¥ = coshy + sinhy = \/1 + sinh®y + sinhy = V1 + 22 +

18 y = In(z + V1 + 22).

(4) BHmEMRIEFN

EHILRE y = f(z) MRET LN ERXTR FEBRTR. HAELPRNH]
Hb 7 A PR oA R A T =

1° SrEReRE b, SUEXT T A28 R A R R BUETLE, HHMN 3 RE A
X (BPXTR R R) A, Bildn

1, =30,
y=sgnzx=1+< 0, =10,
-1, <0

(AnfE 1.3 Frzs) A
y—f(-’ﬂ)—{m? %

e, <0,
F5F, MRXERE. LIS — TS REL

v
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FHa1E R

2° ERERIRESRR B AR H A DR AR R 22 ] X e A Rl i — N T RS
K], IFRIX SR ECH R ERE. PN ARG | 2 » BB 7

2+ y2 — 2
S MR A VR TR AT LA B L B A LR AR A B R
g=vB B, -rL<H<T

Al
y=—vr¢—z2, —r<z<r.

{E2, AR R BB AR AT LU T R pfig i, il 4n
sin(z +y) + 2z +y =0,
AR HHORM B T EMER) . REU R — R A R
p(x,y) =0

ga . xhE R T SRR B pR B, B ARG 1S AT IR A RTHE.
3 RYHBHAERT NESEURER, ERMA LGP BER o«
5y ZIEM KRRl — D SBARER R, B 2 iy T 2om il FIE

, o=xft),
{y—y(t), &l

XS EORER BT UUBERM [0, 5] € R B Ozy NE—ASBLST
r: [, B] — R,

BRI Ozy Vil LA —ZHIZR (W 1.4(a) Fi7n). H1-F1H b5 ) i A
RERZR, A] LAFERR 28 AL

t— r(t) = (z(t),y(t)),

Fr LA IR o m B E SRR, EERERENSBOTRERRT, « M1y B
P v <O
fFan, ARG 2R r BRSO N

x =rcost,y =rsint, t € [0,2mn),
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Y
i -
@ 8 0
(a) Y

(b)
A 14

BAE Oy “FH _EAERZE—E, ¢ oRBER .0/ (GIE 1.4(b) FR).

H—A2H o WRIHTE « JhATET N shRzhe, B E—REE A P Y
Z BT FR N IRL (W 1.5 FiR). &t =0 B P AT R, WIFEARfT ¢ &,
P KRR (z,y) 2908

x =a(t—sint), y=a(l — cost).

KRR« My MBS ¢ WSBOTRER.

L]

0 “2ma

& 1.5

X T BAFRE R y = y(z), WAL ERB—SHOT BRI REL

{3:=.’1:, x € [a,b],
y =y(x),

XH, ¢ HE T SERNMAA.
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SR, ZROTRFREIRE (LACEXT R L) —BE ol FHRRES i
wWH RN, LR (r=1) AP, BREABEFRRN y = y(z) 3 z = z(y),
EA e RSO T, R, B2, WRE-MREEIE, SA
ATRES R FaRa. filan, Wik R R, K3 © = cost 7E (0,n) FAR
PREL, FFLA t = cos™rz,2 € (—1,1), fCA y = sint,t € (0,n) (BLEf vy > 0), N
y=+/1—cos?(cos~1z) =+v1—a%,ze(-1,1). FBMEFFHEy=—-V1-22ze€
(—1,1). b FEDHA AR BAERR.

—AE T, R 2 = o(t) ERANSTAAER R t = o Y(z), 4 y =
y(t) = y(z~'(x)) Fith = Ay ZEEERXFR. EERB R ER—F, XD
REAREE RGBT — .

PR ZHOT BRI R EY B A R P Rz, Bl anEE—~ i s AR =S (R
HRIEE), TR EZE R ¢ fEAS7E R, SR s siEuE (k) bR
AT LA 7S IR ] ¢ S 8800 R el ] B (R PR A

1.3.2 HRBETH KRR

RETEOMEIR, FATESCITNHERE y = f(z) 3 |2 (RS TESIRY n) TR
SRR, fz) BEA—A “BRERER. TR, X BINTEORREL f(x) 1E |x| 5T

SR U0, (@) = T CRITRIHEE) {20 A, 4 1o

RN, f(z) = — MR T 0. WAL, HIE o] FE00K, RATMAEN - B

T 0 BT ORREE. 9L, MM ¢, HE |of > l i
A E — 0’ < E.

EX 1.24 WERE y = flz) BT |z| > a >0 BEX. WEAE—EH
| BAFIER: S TAEELRENIER ¢, BHEE—TIER X = X(e) > a, 24

lz| > X BIA
|f(z) =] <e,

HR2FRY = BT KA, f(z) LA 1 AR, AR
lim f(z)=1 3% f(z)—1 (z— 00).

r—00

XFE CAES {a,} VL a AFRAE AT E—FKN. RASHT
{an} B XAEIFREE LR RE, HAZE » BEUHEIME R T K, k%
f(z) A& || MR SIS N H 2 655 K.
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FaRsE RIRE A L R EMAGR. BIE EMALRR Ozy B, f(z) —
l(z — oo) ZFMTFill, W FAEBRAENTER ¢, 7 = #i L, SFFE—8 X >0, f#
8Y |z > X (K z > X,z < —X) B, BREL f(z) BER—ESEERETATT
e HINEZ y=1—c,y =1+ ¢ PRI ZA (E 1.6).

i 1.6

BT ke X, BATEATAB Y = — 400 B, f(z) LA 1 ARFRAYE X,
PARY 2 — —oo B, f(z) LA 1 ARPRAE . HEHE X 1.24 HHY |2| > X 5
B, 2 > X Az < —X BIR] (GEFEATLL 8174 B 58 BMA0E) . X MR AR
srahic

IEI_EOO flz)=1 8% x_lilzloof(m) =7,

@) FETE (S 5) TITIARIBIR, B f(x) FERIT AL (PIA) Hpl
R, MR, lim (o) AEMITESM LA, RFTAMBR tim f(2) Fi
lim (o) T ELHIE.

B 1.3.5 % k EIEEE EHA lim 1o

T— 00 .'Bk
iER SMEELERIER ¢, EARBIAEN X, REMAFK

i
— — 0| <e.
zk ’ o

WX ARG (2] > /6. FTLLRBE X — e~ 1/%, Y (o > X B, SEAERE
AR, B lim — = 0.

r—00 ;L'k

5l 1.3.6 % 0<a<l, k] lim «® =0.

T——+00

iERl WHEELEMER ¢, Ui e <1, Bfi |a®* - 0| =a” <e, RE

rlna < Ine.

BT Ina < 0,lne < 0, BB X = 25 5 0. FFAY o > X B, 4 |a® — 0] =

Ina
a® <e, Bl lim a*=0(0<a<1l).

T—+00

35



36

B R

Bl 1.3.7 HERH lim e® =0.

——00

MER (EA— 1P Ef e <1, B 0<|e*—0|=¢" <, RE z < Ine. HH
X =—lne>0, Mz <X =Ine WA & <e, BRHTEIERNEL.
f 1.3.8 iEEH lim arctanz = —g, lim arctanz = ~.@

UERR R4 IEEK e, BfE

—E—e < arctanz < —E—I—e
2 2 ’
| = = ! v s > Aty
HF = < tan (—5 +£). FJfU.ﬂX:tan(E—s) >0, Y z< X 0, BF

n
‘a.rctan:c =} 5’ < &,

&l

. T
lim arctanz = ——.
T——00 2

CiELICIRT

. T
lim arctanz = —.
x——+00 2

T2 = AT IE ., I KA, BRE arctan z FP BRI FRAARSE, FrLA
lim arctanz AFEAE.

r—0o0

1.3.3 BHE—RLRIHRR

BEFEY » SENERE zo(@EE BEGH F— 1 EER &) TTREELE,
PR f(x) AR fki#a®. X H BREKR f(x) 7E zo SBIMHEA E X (BFES zo 4b
AT LABEA E ), BIXTHAIEEL b0, PRETFERE S {2(0 < |z — 20| < o} LA EXL.

Kk, 4R = 5 zo TGRRIEIER, pREL f(2) TORREEIE— 18 1, ARAFR f(z)
Yz BT zo B, LA 1 CARIR. BE Y |2 — zo] TR/, |f(z) — 1| ATLMER
B e -0 BT, A

EX 1.25 % f(z) T 2o A E X (FE o0 AERAEN). MEIMEE
YSEMIIER e, TFIE6 >0, B 0< |z —20| < d E |f(z) =1 < e, BRAFR I Y
z T zo B f(z) BIBPR, ik

in fl=t B Flo) =i (a—tag)

r—Tg

MEREL f(x) WEURRTLAEH, f(z) X4 = 4T zo BFLL 1 AR & X
K 1.7 7w,

@ = B = f R BRI C A AR A R A BRFIRB U T PR milsh 5.
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0 T —6 T Ty + 6

A 1.7

B, Y4 o MMEFRBIZEXE] (20 — 0,20+ 6) B, f(z) BIBEURRAEEATT « fi
BRI B y =1+ Ml y=1—c 2. BR, WEFH f(z) = c TEFEMT—1 a0
FIBPR R c. T IoIE— LT -

Bl 1.3.9 & f(z) =2 MW lim f(z) = .

ERR A —NIEB e, BINRER—T1FH 6=¢, 30 < |z — 20| < 6 B,
A
|f(x) — x| = |z — 20| < &
# 1.3.10 3K hr%a,sml
R FE REIFE =0T AEENL. Jo4£00, BF

< .

.1
T sin —
i

R, AHEELERER e, B o=¢, WY 0 < |z| <6 B}, 50A

rsin — — Ol < E
T
fir LA
lim zsin — = 0.
r—0 T
5 z® — 1
fl 1.3.11  #FEBH lim =2.
=13 —

2

L o= 1 AR, T o £ 1, AT
z? -1 _|z—1
2 —x I— T |

HI TR EIRR BRI 1 IR 2 A5G, BT ASERRE o AT, Bt |z - 1] <
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5 B 5 <o < o AEBCMEM, LHAf Y

x

~ ]
‘<2|3:—1|.
M

FEBL, 3 TFAE A IER e, B 5 = min {g %} M 0 < |z — 1] < 6 B, 4

r—1

‘<2|$—1|<26<5.

TEE X 1.25 W, FHEARS « MAaF R zo. INRER « WEZ F—
AN E T AL @o, S AV I SRR FR

EX 1.26 &% f(z) T zo BZMMHEIA € L. IRA — 5 R Tk
PERL: X TAEBAERIELR e, SAFTEIER 6, H18Y <o —a9 < OB}, A
f(z) =1 <&, ARARR L& f(z) FE zo FIZEMRIR, 12

lim f@@)=1 ® fl@) =1 (@),

L PREL f(z) #E xo BIATMIHEIA € X, KRMATLIE X f(z) 78 zo HIAR
F, REEARIBEXFHIAER d<z—20 <0 0 < 2 — 20 < 6 BPA].
L, BREL f(z) 16 20 A . GWRIRHLEEHR f(zo — 0) F1 fzo +0). HEE,
f(zo £ 0) (NFERREAE— 15 zo BIA . AR, 5REL f(2) 7 z0 AIVBUERA &
RKAR.

Eﬂ 1.27 & f(:l:) /ﬁ- Zo ﬁﬁl{&% ih\ﬂz‘%%ﬂ";’ﬁ f(il?) E o éﬁ/f‘—r.\ ¥
A FRAR A2 BAR S

UERH A AR Y. X8 F 0 S5 S5 AT LA R HIWT R %Y f(2) 7E o0 AIA K

FR.

i 1.3.12 FHA lim a® = 1, XH a> 0.

ERA Y a =10, e BRI, BPITFiR o £ 1. JGIE lir(r)l+ =1 AN
A RS TE

Woa> 1, i o > 1. X FEEAERNIER ¢, Zf

la® —1| <e, Bl 1 <a®™ <1+-,

In(1+¢)

rlna <In(l+¢) 8¢ z <
Ina
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BT LR R 5= 2UFE) sk 0 cp s i FAREERRSY BT lim of = 1.

In a r—0+

[FIEEA]IER] lim a®=1.

r—0~

M0<a< I B, BEEEIINE na < 0, 250 EATEM, 78015 11112J a® =1,
G
%l 1.3.13 %

3r+1, = =1,
f(z) =
2r -5, 2 <],

WEAA lim f(x) AAFAE.

iEBR  AMEFR HAE 1 M, f(z) = 2z — 5, FRLAZAEHBR A £(1 — 0) = —3;
MAE 1 AN, f(z) =3z+1, Brlh, HHBR f0+0) = 4. FHilk, K8 f(2) 7F
z BT 168, 2 ARRFEAEEAMSE, BT U RAFAE.

1.3.4 FERBHERMEZE

RINELDHNENLT z — oo,z — oo UK z — zo,7 — x5 FeREHLIR
2. PR R B BR A EAPE RO NZE R, o TETIHE, RE5E 2 — o
(zo = A PRED) WITHIE, HABFIE Al 26115 5.

EIE 1.28 #% z— xo B, R f(z) AR L D

1° IR ST —a.

2° f(z) #& xo LR ARG, BPAEER M Fo 6, 2F 5 0<|z—20| <0
B, |f(z)] < M.

°Fa<l<b WE zg ORE K a < f(x) <b, BPHLE—/NIEHK 6, 1£47
SHTFHRE0< |z —a0| <6 9FTH x, A a< f(z) <b.

EE 1.29 &H x oz B, R f(z) o gla) 28R 1 Fo U AR, 1)

1° ZE o W, A f(z) > g(z), M 1>,

20 F 1> U, ME 2o L, LK f(z) > g(z), BFAE 6> 0,15 0 <
|z —x0| <O B, A f(x) > g().

3° 4k 1° A0 2° BAdRH, Bl 2o ML, A f(z) >0, M [ >0; % >0, 1
B zo HIME, A f(z) > 0.

EIE 1.30 &% z — xo B, BH f(z) o g(z) ARR, B f(z) + g(z),

f@gl@), ZO(S lm (o) £ 0 ) AR, B
1° lim (f(2) £ 9(a)) = lim [(z) % lim g(c)

2 xli_’n_; f(z)g(z) = Ili_lg f(x) -Ili_'rg g(x). 457, lim cf(z) =c lim f(z), &

T—XIq
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¥ e AFH.

lim f(z)
o 1o (&) _ z—mo
- Jim g(z)
LA b & B A UE B 5 5051 4 R A 0 R e BRI IERR S8 22600, A EE.
EE 1.31 & f(z) £ xo WL, g(t) £ to WES A AZ L, 125 ¢ # to B,

g(t) # zo. & mlirg Jlx)=1, tll,l? g(t) = zo, M

, & lim g(z) # 0.

lim f(g(t)) =1.

IR ER—IER e, B lim f(2) = L A, —EAFE— N IESK 7, (49
Ho<|z—mzo| <7 B, H i
If(z) —1| <e.
X E R lim g(t) = o, BT F LR IER 7, —EFE—TIES § > 0, #1824
0< |t—t0|0<6 Bf, B 0<|g(t) —xo| <7 FTEA, B0 < |t —to| <& BIF

|f(g(8)) — 1] <e.

Rp
lim f(g(t)) =1. O

R 1.31 HIFFEANT, ZERBBAE R AT LMER 2 AHR, Wi AThE
AT AR AR FR ) 7.

x? +2x+ 3
| 1.3. K lim ——.
WL ;Rx—g:loﬁ+3:c+1

2 1+2-!-3

. " +224+3 z | 2 _
Gl =Y - e e
BT
T z

# 1.3.15 & 15(3:) = @nZ™ + 12" + - + a1 + ag, EBAXT FAEE—
.‘.ii_\ Iy, ﬁ
lim P(z) = P(zp).

iERE  #H Jim 2 = zo, % Jim ot =2k, k=1,2,--- ,n, FF RN
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Y S BYHIZR. AT EZURNECA B4 S R BN E X, HIRAWTBESE
PRI PR

(e R

2.1.1 EZMTEN
R T 4 BRBUELEME RS E X, EEEE DL T LA, E— R4

% (F 2.1(a)
L, x> 0,
f(ﬂ])-‘—-‘Sgﬂ.’L': 07 ZC:O,

—~L. 2= 0,

Y y y

1
1 3 1
=T T T

0 0 0

(a) (b) (c)
&l 2.1




56 2 FE AR R ESTE

MEE BB, BTE « = 0 ZLRETIFE. W7E “EEiS” = =0 Abm B ERERE, Y
z — 0 B, REEARIR (ERA . AR50 —1 f 1, PEAHS). B
BW LA, B REE— AR ER M, R L 19, NZE R REEX
— AR,

FEAEIFZ (E 2.1(b))

_ )1, z#0,
f(w)*{o, z = 0.

B, B1E z =0 L&MW, FERREERTE 2 =0 L 1 AR, EHREE
5RBARSEX— S REUE (£(0) = 0) AHHEE.

USRS X RETE 2 = 0 BIE X, HIRRETE ¢ = 0 MESE T RETE
z =0 FRFRME, IBAETE « = 0 AbsliELT. WEFHREE f(z) =1,z €
(—o0, +00) (] 2.1(c)).

FRUAFRATIREE R, BREE— & zo AL UNRESE, A& NER: H—REH
BAEX— & zo ALROZA IR, H —RARFRIE N %5 T R ETEX — S I E.

EX 2.1 &y = f(z) £ zo BIEBEN (BT 2o B—FFKXIE) AEE
X, &

lim f(z) = f(zo),

T—xg

MR y = f(x) 1F zo AELE, 2o & f(x) BEZS, BWR f(z) FEAL 20 OAE
RIE FIRE X, BREL f(x) TE—m mo REBVIESEME, BORT f 7EX— S BHE i
(HA7EX S M, X FEERE (FE—AW) B2 —f <REpEm.
WRH e—6 IBF AR, $UE: FReEBFEE SURN K — 8 zo AbESE, BIEN T
ERLEMIER e, BFEE— 0 > 0, {18 |z—z0| < S B, B |f(2)— f(z0)| <.
H—FEN I E XBGRRETITE “EE” (M “BUER”) PIHEE.
WRRETE zo —MERENAE E X, B AZEEHE v BRI AI—1E = B,
MEETEE v o BT — 1 EE Az =2 — zo(FEE, & Az A[IEA[fA, tA]
PLRZ). MM AR — SR, KB vy = f(z) ZEFNME v = f(z) =
f(zo + Az), Hik, REMENMHSEA 7 —1~5 AR B AEE

Ay =y —yo = Af(z) = f(z) — f(®o) = f(x0 + Az) — f(0).

FH i, PRBIE— S zo AbESE, BEEM T2 o ISR Az BT 0 B, BREAYIY
& Ay T o, B

AlﬂlcrgoAyzAlérgoAf(x)z() i, Ay —0 (Az—0).



§2.1 FEZEREAIIEASEE

EX 2.2 #Fy=f(z) FEX[E I PRE—SHESE WK y = f(z) TEXE] 1
FiESE,

XA, IRATHEEE T X[E) LA dE k. B0 EF, XA LS k¥ &S
SR — AR W T B 28

BN, pREL f(z) = |z BELLR; 55 1 TR0 L0 2K R BUR 28 R 4K
M 1.3.6 /NTTHREIE] 1.3.21 ATHL, BREL f(z) = sinz HL 255 R

2.1.2 k£ (R) EZ5RhM

AT AN REL f(x) TE—m mo RORYZEZSENE, BlEGA xl—i+120 f(@) = f(xo), B
B f(z) TE—xL zo BT SLOUAR BR B8 77 (. R4S pR S FR A9 & S LA B bR
BOESMEWE X, f(z) TE— zo ESLFN T flz) TE—8 2o WA . AR FRAR
FEET BT f(20), HP

f(xo+0) = f(xzg —0) = f(zo).

EX 2.3 W f(z) 7€ o0 W—PPEAFENL. & f(xo+0) = f(zo), MFR
f(z) & zo MAESE; & f(zo — 0) = f(mo), MFR f(z) 7€ zo LA THEEE.

B f(x) 7E wo BRI FE/T BRI f(x) #E mo A LRIt A7 7
ZE.

f(z) & B X 8] EELE, 248 f(z) EXE NI — S AREL,
I B A A8 A A SR S

o PRRTE— SR ESE, WIFRIZ S A BB R, &R EA T 5 =METE:

1° BREE— 1 o AbZE . ARBRIRAFE HARSE (FrAEX — S A RIR), (B
EFTF f(xo), BA

f(zo +0) = f(xzo — 0) # f(xo).

2° PREAE— i zo AbZE . B PRERAFAE, (HRAHSE, Bl
f(zo +0) # f(xo — 0).

3° PREAE— 15 xo AbKE . ARIBZE /D — N AEAE.

S 10 Ik (S 0E 2.1()), REERHE X @8R f(zo)
HEEZ ST f(zo£0), BURTLMER f(2) £ zo BIEELRPE, PRI 2 H] W AR R
A JREY, FR A28 B R

SFIEE 20 RagEm, A flzo +0) # fzo — 0), MR ERBUELE =0 4F
—A “BRIR (BRER IR EER: | f(z0+0) — f(z0 —0)|), FTLAFR zo K f(z) BIBEER A&,

o7
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THIE 10 F0 20 FREgIE] G, (RDAT (R W FBkER ) SRR f(z) HISE—3E

AR () A SCIXTE] v 80 S PP (] TR 0L AT KRl Ad (78 1%
fl@) BOAHR SR BRAFZE(R S sREUE A SF) A e (i f ()
A AH I AR BR AN FETE).

B 2.1.1 WFFRREL f(2) =

sin x

(z # 0) 76 « = 0 A0S,

T
B RN lim = = 1, BIRREE o =0 BATRE X, {7 BN IERE X
Tz =0 BEA 1, BP

sinx
f(.'T) 1 T b 33%0,
1, 1= 0,

N R % AE 0 ZbiELE.
Bl 2.1.2 g
fla) = {3z+1, 31,

2 —H, <1
£ o = 1 kb ESEHE.
B f(1+0) =4, F(1-0) = =3, # 2 = 12 f(a) MBKERAT, OB 7.
(QEBRATE © — 1 AJRAT RN

il 2.1.3 iTig
L ny
ﬂ@={w’x>’
0,

r<0

£ = = 0 AbRYZEZENE.
B NAREIE © = 0 BARRAFE, FrLL = = 0 & pREU S 2K MW
=}

%l 2.1.4 JFP A Dirichlet (JKFIZEE) B
D(z) = 1, = AAHBEL,
o, z RIS
TEATAA]— 3 A 55 25 ] by,

R L4550 zo, TRATAT LANCE]—A~ A BEECH ARG PR RS (0R) %3
{an} WCEHE] zo, HLAT AR B TCHRECA WY s s () B3] {b,} UL a0,
FIt LA lim D(a,) =1, T lim D(by) = 0. LA PREAEATA — S B A2 . AR BRAR
AFEAE, AEA]— g #0255 25 () b 5.
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2.1.3 EZRBWEHE

FREELE R 5 X, ER pREAE— 55 o FURRPRAFAEFF HARBR A f(20),
PR, H SR BA 2k pRE Y DU I s B RN 2L pR B I & S S e
EIE 2.4 & f(z) o g(x) FE zp L, W HEE f(z) £ g(x), flz)g(),

T (5 g(a) #0 08) 4 20 R28SE

EE 25 RHu=g(x) ZRE I EAZ, Rdy=f(u) £RH J LAZ
X, BHgI)CJ Fu=g(x) £ axgecl ik y= f(u) £ u = g(wo) LY
(BP f(u) & up ZiELE, ug = g(x0)), WA AFE f(g(x)) A o LELE

AR XTEESEMNEE . HR f1E uo AbHEZE, WIFFAE—PIES n > 0,
1Y |u—uo| <n B, FH

|f(u) — fluo)| <e.

XF IR n >0, XHA g £ zg AbEESE, FIFLMFAE 6 > 0, (182 |2 — 20| < 6 B,
£

lg(x) — g(@o0)| = |u —ug| <.
TR Y |z — zo| < 6 BF, N LB MARFRS ]

1£(9(@)) — Flg(o))] = |£(u) — fluo)| <&,

BIPREL f(g(z)) TE zo ALTEEE. 0]
o BT LIRS A T T
Jim f(g(z)) = f(g(xo)) = f( lim g(z)),

ENAEEZE R AT, AR & R U BRIz R 21 N )2 pR B0k 57 T
PR R R B . FRATTEE X T LAERUE A E R
fx), ERARRBIIFE D BERIR f(2) A OSBRI ——mg. anif
flz) £ A ERMBIRE, W (o) ARAEL (B2, A R eREUR sREA L™
FEEAERY, BN
flz) = {—1—3:, -1<x2<0,

T, <Lz

SR, XF FAE—ANIXIR] A ESE ek 5, TR ARAAEIR], B2 BUR G T 150 R
oA B R B B A S5 AR

FE 26 Ky=f(z) ZELERXN [a,b] Leh—ANiEg S N f(o) £
la,b] EAEB BB AL LEFHA f(x) £ [a,b] LELRARE (BR). HEA
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K Lnt, f(z) B9 T f AR 6 E SR A 4L AR EANE () 6%
YeFM (— BN EREEE =M iti).

MWEW EF, 2L R ¥ I R R L2 X S50 2 AR Y. B R
y = f(z) MERE =z = f~1(y) FERl—2b5Fm LA ES 2R A, & F#EuEH
BTE 2.2.2 /DTS .

2.1.4 MIFHBESME

TR T ESE R B E UAEAMT G, RATEE D, 9155 R ¥HEH e U,
RS,

(1) ZWmNEE

BHEREER, HEKE f(z) = clc B—NHE) LULEHERE f(z) =z &
[X[E] (—oc,400) HIESEREL, At LAZS POz E Frig BIRER « BZT0=eR
AR SE ).

(2) = ARBSER=AREH

1 §1.3 FPAYE] 1.3.21 A1, BB sina RIELERREL. T cosz = sin (g —m)
ALAFE M sinu il u = -’23 — z BIESEREUNE SRR, L URESEn. Hith
i) = PR

S

comsz (z # (2k + l)g,k REH), cotz=

tanx =

SecrT =

(z # (2k + 1)%, k REE), cscr= éull—:c (z # kn, k BBE)

CoST

TE B HYE LA, #/JE sing, cosz LAK f(z) = 1 &t ANEFE RS2, fTlA
HB IS PREN

Kt F B i 5. = ff pREY arcsin z, arccos z, arctan z, arccot x, HEHE 2.6 A] Al
EATES B W LN AR L.

(3) ERRY S ERE

RYE §1.3 FE9H] 1.3.17, FEEREL f(2) = a®(a > 0,a # 1) ZHE AN
HELLREL. K70, f(z) = e REZLRE. KA

M a> 108, f(z) =a® TE (—o00, +00) LR HIEIEH;

M 0<a<lhf, f(z)=a® 7 (o0, +o0) LEIETHEIHI A,
i B ICie 2R RMEIE, PREBIEIETZ (0, +00), IRIEEHE 2.6, f(z) = a® HIEK
¥ fl(z) =log, = E (0,+00) FREFELER. F75l, f(z) = Inz FEZLH.
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(4) WEH
X FRREL f(r) = 2%(a #0), EHEARKE XK 2 >0 A, HF

wa — ealna:,

B AR R EUAE = > 0 AbikELE.

W EIRSSE, TN FE A B A S5 BRETE S H I XU AR RS2 ).
FARIEEH 2.4, EH 2.5 fIEHM 2.6, R TH

I 2.7 WFRHMARE UK ARE LR

f(z) TEiX— s B PR 2 BR ECE L S E. f (20).
B 2.1.5 K ;11% sin(arctan(z + 1)).

i AR o =0 ERE sin(arctan(z + 1)) E SURA RIS, B DU R R 2
| V2

sin(arctanl) = -

Bl 2.1.6 SKIF lim 20 +2)

= 1.
z—0

T
iR AN lim (1 +z)l/e =, &

m.1/.7(:
f(x)_{(pr We g 40,

e, == ],

W pREL f(x) £ o = 0 AbiEZE. T Iny 7E y = e A0FEZE, FRLIE S RE In f(x)
1E ¢ = 0 Abi&EZE, M

lim il o In lim f(z) =Ilne=1.
z—0 T z—0

& 2.1

L BEH f(e) R 2o BHEAEX, B lim [f(zo +h) - f(zo — h)] = 0. [l f(z) REL
fE = zo AbIESE?

2. WAHERIER € <
4.

3. WIER z = mo Kb, PREL f(x) HEE, T g(x) AELE, MR f(z) £ 9(z) 5 f(x)g(z)
R xo BIESIEW? & f(x), g(x) 1€ zo ALARAESE, (717 (R fY [A) L.

4. WEB: (1) PREL f(z) TER = = o AbiESE, WpREL |f(z)| FE5 = = xo AbHLIEEE;
(2) WRE f(z) M g(z) FE—AXE T EiESE, WEEH M(z) = max{f(z),g(z)} &

m(z) = min{f(z), g(x)} FEXE I E3ELE.

bh—

5 O EH f(z) TE [a+e,b—e] FELE B f(z) 1E (a,b) Wi




62

$2F  BURRRBYESEE

10.

11,

12.

13.
14.
15.

16.

17.

. TER: FFEAERXFERIRREL f(z), EAMATESE, (HeREL | f(2)| Ababifsk. (PR &2 Bk

Dirichlet PR 15H—4~1F.)

$5 4 F BRI A8, FFBEMIIE. _
==, zT#0,
(1) () = 255 @) f(z) = { ]
e 1, x = 0;
(3) f(z) = [|cosa]); @) /@) = 1o
! , -0 << T,
r+7
(5) f(z) = 4 =, 7€z <1,
(m-—l)sinm_l, 1<z < 4oo;
.’132 —

(6) f(a:>={ gogn B
4, ® = 2.

® x <0, .
¢ * 1€ o = 0 Abist.
a+x, =20

KHE o, [HRRE f(2) = {
ol/z _ o~ 1/z

IERE: pREL f(x) = { arretm 7% o A FESE, (A AL,
1, r=4_0

W XA 2, Tim 11++$‘§n

IEB: #5eR%L f(z) 8 mo AbESE, WA —DIES 6, (1 eRE f(x) EXE] (zo —

6,0 +8) LAR. (XG5 RPRA L RE A )

UERH: 2R f(x) FEAE mo AbIEZE, B f(xo) # 0, MIFFE—IERL 6, H155KEL f(z) £

XH] (xo — 8,20 +6) 5 f(zo) 5 (X—Z5RFRANELLREN R S1HE). #—F,

FEREANER ~, 18 f(z) EX—XEFHLE |f(z)] = 7.

ERA: #& mlirx;g g(x) = a # g(zo) (AT zo A g(x) BIRTKEWR), f(u) £ v = a tbiE

g, |

P, R RIEIC A f(x), IHEREL f(z) B9

Jm flg(2)) = f( lim g(z)) = f(a).

(X — &5 3 0 Al AR PR R ST )

JEH: #RRE u(z), v(z) 76 zo AbIESE, H u(wo) > 0, MR u(z)*™ WAES xo KbiELE.
W f(z) 78 R Bk, B TFHEE 2 H f(22) = f(z). KiE: f(x) 2HEL

#® f(z) 7F R %%k, BXFEE 2,9 B flz+y) = f(@) + fly). KiE: f(z) = ez, H
e REEL

WM ox— 0B, H sinz ~ z,tanz ~ z 1FAH arcsinz ~ z,arctanz ~ z; H In(1 +z) ~ z
HEBA (e — 1) ~ .

(FARREM T /N, R PR R AR RS SL)

SRR PR -
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2 _ 2 _
(1) fig YLESFET -1, (@) B Yo T2 =1,
z—0 sin 2x z—0 1 —coszx
(3) lim (V1 +tan:1:—.1)(\/1+a:— 1); (4) lim x - arcsin(sin z)
z—0 2rsinT z—0 1—coszx

.1 —cos(l —cosx)
(5) lim = -

(7) lim (sinyz+1 - siny/z); (8) lim 42— 2L,

§2.2  MIX[E) LELRR AR

AT EZA P X 8] E LR B LB . AT Cla,b] FmE
MAEAXIE] [a,b] b HYESE RECAAK.

2.2.1 FEAFHES5/MEEHE

FE21 2.1 (55 11 @, FRATUERA T 22 R ECA XFERIME T 2R EL f(2)
TE— 8 zo AMFESE, TSR f(x0) # 0, AW f(xo) > 0, WIFFAE—EEL 6, [H157E
X[E] (o — 0,20 + 6) WA f(z) > 0. XHERFRAELL R BBERSHE. X1
HELP MR WRTELL 2o HPOLAUEE—NFFXE] (29 — e, 20 + ) K, HELE
BREL f(x) BRI IEAE, RBIAME, ABA RBEAH f(zo) = 0. I, sRETEESE S
B B 205 B, AT AT pR BT X — s AR 5 PR EE— A1 X A b4k,
A N5 B ) HL

I 2.8 (REAE) ik f(z) € Cla,b], BEBHAEBA®ENME fla) Fo
f(b) 5, B f(a)f(b) <O, W &H— % £ € (a,b), B f(£) =0.

(6) lim z(vz?+ 100+ z);

& 2.2

ERR AW f(a) < 0 < f(b) (A0 2.2). KEX[E] [a,b] PS4y, WRAESY

U0 A p(o) BADE, 7 (C10) <o, e = L1 EmARE. T
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f(j”)ﬁ%%fmnmﬂw¢%—¢ﬁ%nw&w¢m%gm

a+b a-+b
5] [
o, A — MR f(o) TE R BUE S5, BORFTE 2o b s U R B, 7645 i 15
BUE RN IE. iIC XA XEEN [a1,b:]. EE FiRs R, BRAEFE—KIEHAESSAL f(x)
BUE A, W BEARE, 5 WA —5 X 8] [a,,b,] 15 f(x) #FH A S BUE
R, FEHA Y e BUECA IE, B

flan) <0< f(by).
ii—‘ﬁ'“ZrE—‘J [an,bn] ﬁ/@glﬁjﬁﬁ@%{*n [ﬁﬁtﬁﬂz_ﬂﬁ é € [an1 bn]: ﬁ;@.

lim a, = lim b, =&,
nN—00 n—oo

Fh BRSSP T 4
£€) = lim f(an) O Tim f(ba) = £(©),

Al f(&) = 0. O
Rk, X1 PA DX ] b ELE pR 8, rh el «IX ) S ELS 5 M5 8., {EREWT

Ui S

MILfT B, X 8] RSz ek 8, HEERM « #ii9F () Z#Es Lk (F)
D, SRR o B, Bl o S S,

EIR 2.9 (MMEEEE) & f(x) € Cla,b], B f(a) # f(b), B f(z) £ [a,b] £
BEFEIAT fla) A= f(b) Z 08 694E AL

i AWk f(a) < £(b), B r BATF fa) 1 £(b) ZMEMIEE—%
fla) <r < f(b). ZIEHBIPREL g(2) = () —r, W g(z) U [a,b] LAYIELLR
2, mH

g(a) = f(a) —r <0, g(b)=f(b)—r>0,

WO R B R, TIAT € € (a,b) 1 g(¢) =0, B f(&) =7 O

P75 R HLMMEE B A SRR b, FRRXS X ) s 170 35 B9, 35K b, X IX[A]
FREEMRET < zo, RERES (o) TEMERBUESR S, W f(z) 7EM R Z I 8—
AT AR f(z) ERERBEAT, Si—EREIEf(x) Alf(z2) ZIEH
EEHE.



§2.2 P4 X () L Sk pR B

WERE B, f(x) 7E [0, %] Fi#%%E H f0)=1>0, f (%) =v2-2<0,

FRLL f(z) = 2° — da FEIKH] (o, %) R .

Bl 2.2.2 UEUEMEFRZHAZDH —PER.

iEBA % P(z) = anz™ + an_12" '+ -+ a1z + ag B2—FFIREI, B n
B, an # 0, W P(z) ~ anz™ (z — 00). AW an, > 0, FA n AL, LA
B & — oo B, P(z) — +oo. BUFTEPINEL a < b, (1113 P(a) < 0 < P(b), %
BEMA P(x) —EA—TFH.

AR LW, 45 RUAME, #lin P(r) = 2% + 1 BkA LR,

2.2.2 FRESEAR/MEEHE

WA R B St e X, %5 BRBUE— 15, o AbiEZE, WIXTF—ANIERL, #iln
e=1, FFIE—NIEE 6, B Y |z —xo| < 6 B, H |f(z) — f(zo)| < 1. HAIEHUL,
TEX[E] (zg — 6,20+ 0) |,

|f (@) <1+ |f(zo)l,

R PR A AR, Bl «—iEsE, S B MHEA A . AR R B E M X8k
HELE, REHEE BB R BAREFTEN.

EHE 2.10 # f(z) € Cla,b], WEAENKE LAR. FALE DT
M>01#3% a<z<bi, A |flz) < M.

IERA (RGE) R f(z) 7€ [a,b] ETEA, WX TAER AAE n, 7778 2, €
[a,b] 18 |f(zn)| = n. B {z,} BB FREF, FrLMRYE Bolzano-Weierstrass i€
PR T9). 37 2n, — o (K — o0) B—TUSTF. BIR, x € [a,b]. B f
HIESEME, 18 f(zn,) — f(z)(k — o0), (HERMRIE =, BIEEE, F |f(zn, )| = (b —
o0), AEFIEM. EHMH, f(z) 7 [a,0) LHF. O

B 2.11 (RIAEE) # f(x) € Cla,b)], W f(z) £ [a,b] LAERE] R AME
FodME. BPAAE 2, € [a,b] 2 2* € [a,b], BFNFTAE z € [a,b], B

flxs) < f(z) < f(z).

iRl BR f(x) TE [a,b] LIESE, FTLE [a,b] AR B M = sup{f(z)|z €
[a,b]}. H_EBRRAGE SCAT R, XHER B RE n, FF1E 2, € [a,b] 77

1

65
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9 2% B REUIESEE

XU {f(zn)} WCELE] M. #RHE Bolzano-Weierstrass & HHITFAE {2, } HIULET
5| z,, — z* € [a,b]. TR

M = lim f(zn,) = f(z").

XHHE T f 7€ [a,b] FEE EHFR M. [FERATUE f 7 [a,b) FEGE FHAR. O
I B L 2.10 SERE—4, P X (R _E AL R BUNMBA L, 1 BB B
KE (E#F) Fm/ME (FHRA).
E? ERE 210 FIEH 2.11 PRFMA <HAXET RO DRY. Fl4n g%
fl@) == fE (0,1) XAHFIXE] EARE S, HERTE (0,1) AR, MR
ATATREIR B K AE. BE2e M) SR TE /Y. TR %K

r, DLyl
f@) =1,

5, :C:O,l

0,

TEFFIXIE] (0,1) Hhrifege, HAEMAIXH] [0,1] EAZES:, BARA R, (HREEASR
KA A/ IME.

N EE PR A, FANTH

I 2.12 £ f(z) € Cla,b], W f(x) #91EIHRA —ANH X ],

iERA 92 1 = [a,b]. WRIGRAEE R, (LT — 0 pREEAR A FRKAE f(2)
Mg/ ME f(2,) ZIE, LA

) C [f(@), f(z7)].

H—HH, S —ME r € [f(z.), f(=)], BI\MEEH, —EFE—H o H15
r= f(zo), Bl r = f(zo) € £(I). HT

[f(z.), f(z")] € f(I).

Zig EaREER, BV f () A{ESEE A X E] [f(2.), f(z*)]. 0

e, WAL ER 2.6 HIUERH.

EIR 2.6 RIERR HICUERAX(E] [a,b] L iE2EpREUE I eREHY 7200 B 2%
i, BRI R AL

FEOT AR S AR A, PRA A B R SR E SO B I —— 5, R
JZ eR%X.

DEWRUERRIT: X f(o) ARETHAEEIRN, MFFTE [a,b]) P =0 2 <
ro < w3, [H1F f(x2) ATE flo)) A flzz) ZMH). FEXMER T, & f(z) 7F
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f(xo) Fl f(xs) ZI6], BXHE f(as) FE f(x1) RN f(ag) ZME]. AW ET—ME A
A, BT f(z) TE [0, xa] BIESE, FTLARAEEAL, fAE— o) € |22, 23), fH
8 f(x)) = flzr). R f(z) ARXE [a,b] E——XF 08 pa %L, st AT aER
PR XS5 IE. FRLL f(x) 7EXIE] [a, b] b2 ™ H 2R

HURE I A PR L% 2 B pRASC) B pR B 2 A B L2 Y.

AWk y = f(z) 7E [a,b] L™ R ELIRHE, Br DA RCeR %L 1. R4EEH 2.12,
TAVHGE £ A9, a2 pREL f! A9 R —XIE] [f(a), £(D)).

1° FEiE f1 R/ A IE . 4 v < yo, HP yi = f(21), 92 = f(22).
F' 21 = ), 2o = F N ye) WR 20 < 21, BT flz) 24 Y
B, B8 y2 = flz2) < flz1) = y1, X5y < yo MFE. H 21 < 2o, B
F 4 w) < £ (y2), 8 F~ (y) T BIRRG .

2° MIEIEW = = f~Y(y) TE [f(a), F(b)] FRUZESEYE. (EBUERS—&H 4o €
(f(a), f(b), WA zo € (a,b), T yo = f(x0). MELHIHE (20 —e,20+¢) C (a,b)
(ITES e, 1 f(z) BBAAMEA

y1 = f(zo — &) <yo = f(zo) < f(zo +¢) = 2.
B 6 = min{yo — y1, 92 — yo}, W |y —yo| < o B, BA
y <y <y
H = (y) WEATERT L, X |y — yo| < 0 B, 04
A y) > ) =20 —e=f""(yo) —¢

)4
') < fFHy) =20 +e=f'(yo) +¢.
BP=S |y — yol| < & HY,
1F () — f o)l < e
B F-1 () 7E o ABHESE, B yo BOIERBERTHN £ (y) 26 (F(a), /(b)) L%k BT
Y y) FEsm s B S RS, A ik 2R nT k. O

2.2.3 —H&ESEH

BT ,
fl@)==, z€(0,1)

(tnE 2.3), BRERXE (0,1) _EAESEREL, BI7ER— = € (0,1) AbEARZESE.



68 32 & BAHERBHESE

HE, L —NTIE e, S TFARB S zo, BBBLIIE |f(z) — f(zo)| < € FTFF
FERIIER 6 (BPZIE “o FEAHEE z0” BIRE: |z — 20| < 8) HA—ER—FEM.

BIRA T 2o = -, E

7(@) = fa) = |7 - =| = |2 =n| <,
x W/ 2
€ B _l €
Talnte TR T L A9
B, 4 F 2o = —, FATR
. E g
- n(n+e) T2
ABEFISY |2 — 20| <0 B, B |f(x) — fzo)| < e.
T E A4 z;,=1_%m:, ot R Rl TR e, Bl
1 1 1
7@ = Sl = |3 - | = |5~ amq| <&

e(n—1)? - 1 g(n —1)?
Tante(n-1) T =TT (1") =

lﬂlﬂ:,Xﬂ‘?mgzl—%,E{




§2.2  MIX[H] ESEeRBTER 69

WY |z —zp| < & B, A |f(2) — flzh)] <e.

BAR, AEXAE -, MR EE e, Y oo ML 0, XF & YZKE™,
24 zo BEEVT 1, 6 AUTERERHBRTE. FF LA TR A LE 2k 10, XTRAY & J&
A—31.

USRS F A B 2o, FAEG— IR 6, REL |z — 20| < 6 B, BUA |f(z) -
fzo)| < &, MIVEIXFEHELEMER “—30 1.

EX 2.13 &y = f(z) 7EXM] I EAHEX, MMEHB ¢ > 0, RGFHE
8> 0, HER—5 2o e I, HE |z — 0| < 6, $EA |f(z) — f(x0)| < &, BBAFR
PREL f FE T ER—BOESEN.

— PN EN IR MMEL e >0, fFES >0, RE oy, 20 € T K |z1—22| <
8, LA |f(x1) — flz2)| < &, WIFR f(x) EXIE] I b —F0%EZE.

R EIES PR T EEAEN c > 0, BFE—1T 6 > 0, fEEAE R
1 1 PEBb— z, HEAE o AEINAYIE R Az WL |Az| < 6, BUA REAYIG &
|Ay| = |f(z + Az) — f(z)| <e.

Bl 2.2.3 f(z) =sinz F£ (—o0, +oo) L —FUELE.

. . . o &y — T & +$
XJERA |sinz; —sinag| = 2 |sin : 5 2 cos — 5 2l < lz1 — x2|, BT, 4E

he>0 Bl s=¢e MY |Ty —xa| < 6 B sk A |sinz; —sinzs| < €.
il 2.2.4 f(z)= % £ (0,1) EARE—FELR).

BRMAXT & = o, IR AHIGIER 6, A A n, BE1 — < 5
1 1

Wa=—2"= ,
n n+1
i |
|’ —2"| = <—<9
n(n+1)
H
1} 1 1
— ——|=1>=.
" g 2

B R — AR e = % FETE (0,1) FARTEAE 0 6.

e 6], G RR i R BCE X XA [a,1),1 > a > 0, W] pREE—E
SN, THEE AIE. FrLiEse B —BuE gttt S5 N IXKIAA 6. el aniik
fx) JErE XAEMAIXIE] [a, 0] L, WA

B 2.14 MR [0.b] LELHE SR f(z), —RIE [a,b] L—FELS:

WERR (/iE) B f(z) 7F [a,b] LAR—BCESN, WAFERE I IERL <0, f#



70 W2 HURReREAEZEE

FAHAERE AR n, BTFEE 2,y € [0,6] R (2 — ynl < -, (B [F(an) -
f(yn)| = e0. H Bolzano-Weierstrass xEH, B3| {x,} A5 {z,,} WEF = €
81 A e il < == 8, (e} QKT 0. 1T £ R, 47 Jim (£ ) —

Flun) = f(@) — fx) = 0. ZX5 |f(zn,) — f(yn,)| = €0 BFIEM. O
& 2.2

1. iEM: pR¥ z -2 — 1 7 [0,1] NAFTA.

2. iEM: PR¥L « — asinz — b(HH a,b HIEE) 1E (0,+00) FAFE, BHEFSAMEE a+b.
3. iEMH: PREL z —sin(z + 1) HELF 4.

4. ZPREL f(z) 7F [a,b]) Li%sE, BEEEE [a,b). EH: f(z) 1 [a,b] LOFEAREE, A

10.

11.

12.

13.

zo € [a,b], 18 f(x0) = zo.
WAL f(2), g(x) 7EIX[A] [a,b] EiEZE, H f(a) > g(a), f(b) < g(b). BiE: FLE 20 €
(a,b), [E4F f(z0) = g(xo).
EeREL f(z) 7F [0,2a) Ei#EEE, H f(0) = f(2a). WEMH: FEXIE] [0,a] EFFFEREA zo, fif
7 f(zo0) = f(zo +a).
RIE: #ZR¥L f(z) 1€ [a,b] L#ELE, ©1, 22, -+, zn AKX EFRERE AL, WAE [o,b) A
—R &, g
F(6) = = (F(@) + f(@2) + -+ f(za).
B, 1 >0,g2>0,+- .o >0, Har + @2+ +¢n = 1, WFE [a,b] PH—K
¢, flifg
f(&) = aif(x1) + g2 f(x2) + -+ + gnf(zn)-
WREL f(x) ZEXE] [a, +o0) FiEZE, H Ilhfmf(z) f77E. iEM: f(z) 7 [a,+o0) LA
B
IEPH: PREL f(z) = _1t+a 1E (—o0,+o0) FH R
1—22+24
SE AR T SRR LR AT BERA R .
(1) 7 A [0,1], EECR (0, +00);
(2) 2 338H [0, 1], EIHCH (0,1);
(3) & LHH [0, 1], (HECH [0,1] U (2,4];
(4) & A (0,1), {EHEHN (2, +00).

SR, ST RS e < ”;“, T f(z) MK [+ 2,b— ] FAR, REERIE

f(z) TEFFXE (a,b) FAR. (HLETE 2.1 5 2 &)

Wy = f(z) FEFXE] I = (a,b) bIESFH MMM, WEH: y = f(z) (ESK £(T) HR—
N FFIX[E].

BERREL f(x) TEARRRKXE (a,b) F—F0ELE. KILE: f(z) 7€ a SOARRLE b S04 K
FREBAELE.




o2 FLR G I

14.

15.
16.

10.

WEREL f(x) 7 (0,400) b —BGELE, {a,} RIEWESEF. RiE: {f(an)} IS W]
(URIX f(z) &L, S5 —RE/ERL, HTA?

WRREL f(x) 76 (—oo, +o0) LiEEE, {an} BUWSHEF. Kik: {f(an)} tHUEL.

i —1E (—o0, +o0) FiELE HA FUAA—SBOELL M sREL.

F 2 ZTHEEIM

] R f (e { jfjﬁiig’ (AR @ = 0 AbiEsk.

R @1, @2, 0z € 0,1 IEf(a:):'x_le';Hm_m”',iﬁﬁ: FEAE 29 €
[0, 1], $E45 £ (o) —%

CYERR: R Lo %2, 98 (HHA ay,a2,a3 >0, H A\ < A2 < A3)

rT—AN T—MX T — A3

E (A, A2) 5 (Ao, A3) NSEA—TFE AL

B f(x) =PI, UEM: DAFTE— R @, TR | f(z0)| < |f(x)] WHERSE

Box WL

C W f(x) EXIE] [0,1] BiELE, B £(0) = £(1). EM: IHTE B RE n, 7EXA]

[o 1__] A — i €, B 7(€) = f(£+%).

A ANz, R 2P —— 2T 79,

1+ 22 +sin’z

. & f(z) 1 [a, +o0) Li#EZE, H lim f(z) 1775, IERR: f(z) 7E [a,+00) LER

HA B, 3E A fvIMA.

WPREL f(z) E XAEX[E] [a,b] b, WREFMS: a < f(z) <b GHEE x € [a,b]),

HX [a, 0] PAEER 2,y A |f(x)— fy)] < kle—y|, XB k B2FHE 0<k< 1.

(1) UERH: FFEME—10 zo € [a,b], (15 f(z0) = xo;

(2) HEBL 21 € [a,b], I XLEB {2,}: zner = flan), n = 1,2,---, WEH:
nlggo Ty = Zp;

(3) Zth— e B LE R, FRSHMEE 2 £ vy A |f(2) - flv)] <
lz —y|, (B f(z) — 2z = 0 Tt

IEH: SHMERIEREE n, FRE 2" +2" '+ o = 1 AE—DIER o, HF—

AAUEES {2,}(n > 1) ISR, FFR AR,

X a < b, f(z) 1€ [a,b] L#EZE, HAMER 2 € [a,b), FF7E y € (x,b) #15

f(y) > f(x). Kilk: f(b) > f(a).
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R ST &l %

M5 2 FERIRAIAE, 45| EE, i ka2t nl LA U2 2E 2 [A)
() eR A AT MR, 3 rh— e 7n B 2 W] B SC R R A sR BGRR 1. BRLTG e = Hh %
(R Y530 2 1z 2 JB e o P A ) B R R, R SR i o7 pR BRAE B 2 (] () AR A% X
SRR R AT FEAN G AR KRBT R (WFONRGE) S ST
ST BFREN, A — P R EE FE, eRERIR(E | 3
VEPEFNNE, I SECKR B PR L'Hospital 20 LA K pRELA) Taylor B4
2.

3.1.1 SHEHE L

B AEMEE AN 512k B J U A3 i 1+

(1) MZ&rITIL%k

HAERAS 4R g E—SYILr . EmE LT, @ R SRER
—ANAEE B HERE SCHBIBIYIZE. SR, XF—MmhZ ki, XM e XA
EAT. FlnxF (K 3.1), BRRMYETF—8 A WELREZK, K
A BB EEA R YIZ. Xt FE 3.2, HEEXERMETHA, BARAERSE A
Ab, BENZE “PIZR. X TE 3.3 PRI, 78 A S8 —1RE, fERSL, 5
MZRAHAS T — 1 “YIR” AP

A, T X —Zc R R? — Al fTRR I RN EIL TR, i
fizk C B Mo #1 M, fE—5REIZ L(E 3.4), M8 M iEIZ C Ww3h3 M,
B, W3R L A4 R E”, RAVER X MR E R EZ [, € A
TERL My HIYIZR.

i b — SR ELTHEZLS « BIIEMBIA o KRERAE. XA o



§3.1 SH

oV
/ o /
A 3.1 & 3.2
Y
Yy
\ /
N\ /
N ¥ 4
y/
/’A\\
0 H
0
A 3.3 & 3.4

B, HILH 2 0< o <. AERIEY] tan o (WRFFTE) FRONVELRHIRIE.
Bt (M) BHEIL MoM 5 o RHIE[EBIFA, QR

lim a(M)=q,
M — My

MR PRAE o BRIz Mo sALYIZRS o BHIERERA, tan o WRTIZEFIE.

BUAEBIZANZL C HEREL y = f(z) TR (BB IR REL f(2) FIEIMR),

B Mo B (zo, f(z0)), B M HIABERE: (2, f(z)), FFLAEIZ AR

tana(M) = f(wz); — ;:(-’Eo)_
— Zp
R SRAR PR A R
lim f(@) = f(20) = lim tana(M) = tane,
T—Ig T — T T—Iy

R ZEH WO BRAFAE, 2R PR AR VIR I REER.

73



74 o3 E BUREREHE

(2) IBEZ&IEshR A RIBIET R E
T HAMUE s sh iy — . B s B iz sl A0 2 i 18] 22 (] (9 56
RN s =s(t), FILTEN to B ¢ X BT E]E]RR N, BTz 3l -2 R 2
s(t) — s(to)
t—ty
AR, XA IR S 2 B S AE o B ¢ X Bl a] N B BARR)E sh#

e, AR T i PR AR — I Z s sh RS LA (RPE ), HEE ik E A fa] ] e
BB, R, SR B

Ti—

lim v = lim M
t—to t—to t—1o
FETE, WIFRE N to B2 51 iz B ) R B 3
Toie A JUAAT_E B NRIZR BT 2R, b A2 Py 3 v i D34 8 15 0 W o i B, BB
PR A X S &R 2 22 R BT 2, 220 i ) A0 BR S E — s R AE R, Bl U2 e — A R
A RS AR R Z AR ELER. FRA TR SR dk, 83U T XT 24
A 5E L.
EX 3.1 X y= f(z) £ zo MR E X, & 512/ R

i f(z) = f(wo)

T—To T — To

1PHE, WFKEH y = f(2) 7 2o BISH (SOLRT), T f/(z0), | o L

dz|, ~— dz
HEMES, LiRE SUIE, MR f(z), f£—85 o &b, BGEEEE
z — R Az B (XHB Az a[IEAT, (HARE), RE(ERAENA — g R
Ay = f(zo + Az) — f(zo), f(z) TR zo ALK FEELZEM MG RZ I (RIZER) B
R, Bp

3
| T

’ .. Ay . flzo+ Az) — f(x0)
F(zo) = Alﬂl»o Az AIBEO Az )

UL BT — A SRR TE, — R B0 O PR Tt i BT, —
ARG A — % s 00 (A — 0), HIREURIEIRAETZ SR AT R T
Sk, WIRVIR TR T o #. 4I5RA1— A% SR a4

TSR BRI T S — RE, T o R B L T S, 0 XSS R T
— S SRS AR S .




§3.1 SH

ENX 3.2 WERE f(x) 7255 xo WAL AE X, HE Az >0, H |

lim f(zo + Az) — (o)
Azr—0+t Az
TATE, WIFREN f(z) 76 o B4 T 0 (v0), HFFR f(z) 7E 20 AR 2K
I Xy = f(x) 7F xo WIZETTFHIE B2 TR £ (20).
IR, flz) TE zo ISR f(o) 16 oo £ AARE, A

fi(xo) = fL (o).

EX 3.3 UWHR y= f(z) TEXE] T WRE— S80S, WER f(z) 76 T L]
. AR IXE] T AL E A e, WIFE AL, f(z) HRE A AR Y S ] .
W y = f(o) TEXME T P— S80S, WX EERAEN « e I, X

z +— f'(z)

NWET 1 FH—A R, By f(r) NSRS, RIS, B @), v, 2.

df dzx
= &,
) 3.1.1 % y=c (HE), K .
A
i3 y’:lim—y: limiz(].

Ar—0 Ax  Az—0 Azx
MNEM EE, y=cE—FKFHEZ, HLEE - SEE AT (th
K HER). TN TARAIE ] 2 E b A 2 1Y sR B H BB o = .
Bl 3.1.2 W y=za"2¢€ (—o0,+00), Htf n BIFEE. K v.
R AR ESCR 2, U HS

—1
Ay = (z + Az)" — 2" = na" ' Az + %ﬂrn_z(Am)?‘ F ot (A,
i
A _
= AlimD A—i = AlimD (n:r:"_l + %m"*&w + - (Am)”ﬁl) =nz"1,

Bl y = 2™ WRREUE v = na" !, FRREE W R (—o0o, +00). Fidl, 24
n=100, KE y = BFRECHEEERE y =1, Bl y =« B S00L 0GR
AR 1.

B 3.1.3 SKIESZREA 5% R AL T PR
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76 fH3E HAREREEMTE

f# id y=sinz,z € (—o0,+00), MXHMEE—s =,

A A
Ay = sin(x + Az) — sinx = 2 cos (:1: + ;) sin «-;

M cosz BYFELEME L K FEAAR R

sinx

lim —=1
z—0 X
1%
sin _A:z:
A
i, = dm on (4 ) Jom — L = e
2

Bl (sinz) = cosz. 2LUAH (cosz)’ = —sinz.

B 3.1.4 SRITEEE y = log,z,z € (0,400) KRR, X8 o >0, B
a # 1.

R W TEER >0 A log,z = E—Z, )

Ax Az
Ay—loga (1-}-?) 1 ln(l—l-?)

Az Ax Ina Az
FFMFR (W, §2.1 #] 2.1.6)

lim In(1+ z) 1
x—0 T
5
(log, z) = !
Bl = e

A, 2 a = e B, LHEIHISERA
(Inz) = %, z € (0,+00).

AT, PA e HTERAY B SRXTEA S8 LB TR .
) 3.1.5 K T3I5ErrR%L

z3 =0,
f(:r:):{ 2, x 20

g4, <0

1) RN



§3.1 S¥ 77

f PREL f(x) HEEE vy =2%(z > 0) AN y = 2%(x < 0) 7E = = 0 LbBHEM
. %z > 08, f(x) =32% X 2 < 0B, f(2) = 22; 3 2 =0 A,

_ 3
g 1O+A2)—f0) . (Az)° 0
Az—0TF Az Az—0t+ Az
_ 2
im {@t82)-F0) _ . B2 _,
Az—0- Az Axz—0—- Az
Fir A
3z%, >0,
fx)=10, x =0,
2n. @<,

T pR R T pRESCER A AE, 1 EL PR ERCEE SO Sk, XN IS
AR,

EIE 3.4 # f(z) £ o TF, N flz) £z %58 %EH, HRME—
ooy RELE WA zg & RTF.

WERR @A, R

Tisni f(x) — f(xo)

T—Ig T — I

= f'(wo)

71, B

i (7(0) - foo) = fim (D=L )

= lim f(2) = f{wo) lim (z — zo) = f'(z0) -0 =0.

Tr—To r—Ig T—X(

sk, 1 o BT, ZO T o gy s 0 A > 0, f

f(z) — f(=o)

r — T

Bl 0 < |z — 2| < r BH

<M (0<|x—m0| <),

|f(z) — f(x0)| < M|z — 0,

i © — xo, WATAHIE. O
EH 3.4 (AT ASAL, RIS BRI 1] F.
Bl 3.1.6 PR f(z) = |z| £ = = 0 bIEZE, (HELE 2 =0 AA[ R,



78 3 E  HUBRREBINRMT

WEBH Y4 z =0 B,

Az~ 0
/! . .
FO= 2 a

—Axz -0
=. 1
(0) A;rl-{ﬂ]— Az

FRLL f(z) = |z| 7E = 0 AbANAT 3. HER, MK 3.5 ATLAE H, sREEIRAE =0
A—RE, BIE = =0 A, FrLiEa I,
Bl 3.1.7 PREL f(z) = 2V/3 1F = = 0 HEEEL, (HAA S,

=1,

= 1.

. (Ax)l/3 B 1
R P M e

XA R B RO AFAE R 5 —FIE R, BIfE— A “REFRRE TS5
K BIYIER. IEBlrh f(z) = 2/ WIEEAE (0,0) BIVIZFATT o Bl (ULIE 3.6).

Y Y

& 3.5 & 3.6

LA PR B9 2 R B R TE— AT 3. IRE S 28 S R U T
SATSRE . B AT Weierstrass 842 H - T — 3280
AbAbiES | (HRAARASTT T pRER X SE U, PRSI S AN PR B ]
P, A RRERN. X SR R X, FRATHL AT LLURSZ B fh 251 4L
P HE e PEHb R pR B — R R s, B2 A AR AR fRAR /N, pR SO I B 2
ACAAR/IN; T AT S 25 AR e ) — b i % 2 1), B R BSORE R ) 28 R 5 A
AR AR AR ) E AR AR PR 2 A7 HA FRIK.

3.1.2 BHHHENEHE

)(33 g(x) #

T 3.5 & f(x) F g(e) TH M fla)£g(a), S@)g(e) & L E )

i) & T, A



§3.1 %

1°u1)imw) F(@) + ¢'(@)
2° (f(z) - 9(@)) = f(@)g(x) + (@) (@).
C(F@Y F@)ee) — f@)g ()
B(mm) (@) |
SRR SCF 10, i S SRR B TR 5T 20, AT
et

flz+ Az)g(x + Az) — f(x)g(z)
= flz + Ax)g(z + Az) — f(z)g(z + Ax) + f(z)g(x + Az) — f(z)g(x),

HRRAR T SRR, 5

(ﬂmmmy=§E%ﬂm+A@szfm—fwmw)

flz + Ax)g(z + Az) — f(x)g(z + Az) + f(z)g(z + Az) — f(x)g(x)

= lim

Az—0 Azx
B f(x+ Az) — f(x) : g(z + Azx) — g(x)
o Ali—»o Az giz+ ax) + Al;:r—n»ofu) Ax

= f(z)g(z) + f(2)g' (z).

KTF 3°, HAEED, R g(x) 724 o AbPT'S, FRRAYEIX — B2, IR
z 4b, & g(x) # 0 BWRETE » WIHHT g(x) A RE. FrLY B AR E Az
EH/INEE, g(z + Az) # 0, XA

(R%O,:Jﬂbgi(ﬂziAm‘ﬁiw)
o 1 glatAr) — g(@)

T Avm0 Az g(z)g(z + Ax)

) I 9z + Az) — g(x)
T Algsrgo g(z)g(x + Ax) Al;rgﬂ Az
@)
9%(x)

FHH 20 BpEF

(%%y:(ﬂ@;%):#%ﬂ£5+ﬂm(j%y
_ fl(x) f(z)d(x) _ f* -
g(m) 92(58) 92(1,)
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80 B3 E HURERERIF

Bl 3.1.8 & f(x) A, W (cf(x)) = cf'(x), Heh ¢ BRHEE. XMEEE
AR,

Bl 3.1.9 3K f(z) = 22(sinz + cosz) HIFEL

fig

f'(z) = (z*) (sinz + cosz) + z*(sin z + cos z)’

= 2z(sinz + cosx) + 22 (cosx — sin z).

B 3.1.10 :KPAEL tanz Fl cot = BYSFEL

fi&
(tanz)’ = sinz\"  (sinz) cosz — (cosz) sinx
~ \ecosz /) cos? &
cos? x + sin? x )
= = = sec” .
cos?
Al T
(cotz)’ = —csc® .
) 3.1.11  ReREL secz Fl cscx Y SEL
iR
(sor) — 1Y _ (cosz)’  sinz
~ \cosz/ = cos?2z  cosiz
= tanxsecx.
KA1 15

(cscx) = —cot x csc .

3.1.3 HEAERBEKZFEN

BMAETTIEE A sREUA K L I, 8 F AR AR A s sCE .

T 3.6 RS y=g) EXERE I b, J# 2= fly) EXLAERKNE J
E BHg)cJ. wR glz) BE zel &TF, @ fly) £5 y=g(x) TF P2
BAFM fog Bl o &TF, BF

(fo9)(z) = (fg(x))) = f'(g(2))g ().

WERR Tz € 1, ifyo = g(zo). XBRNTRFIE xo F g(zo) EARITE
DX 6] F i B 00, X L B s OIS I, T AE T T A UE R P E— e B .



§3.1 &L

'

AR, h(y) £ yo HELE:

i A(y) — T L0 =10

Y—Yo Y—Yo Y —1%Yo

= f'(y0) = h(y0)-

e f(g(x)) = f(g(xo)) (z) — g(wo)
g(z)) — f(g(zo g(z) — g(xo
p— = h(g(x)) pom—
XEHERY g(z) = glzo) B, EXFREET 0, 24 g(z) # g(xo) BT, B h(z)
fE X, FRH

flg(@)) — flg(x0)) _ flg(x)) — f(9(x0)) g(x) — g(0) |

T — To  g(z) — g(z0) T — Zo

BB, 4o — o, B4R h(z) 76 2o R9TELERE, BEA
Fo@) = FG0) _ i oty 28 —9(@0)

lim
T—x0 T — o T—xg T — I
= h(g(z0))g'(z0) = f'(9(z0))g' (o)
XFERLSE AL T € PR UEFA. O
SEHL 3.6 AT LAFEIR i
dz dzdy
dzr dydz’

B, G 2 AR o B@EA@& PIAER Sy, IBAR TR 2 4 o B .
IR 2 IR y 9 S, BRI o X o 0 S, 50 4%

%*HBTEEJE?%@J @'

XFEZEARE, e 3.6 WAT1RRIZRIATR FIEN). 40 y = £(uw) XF
u [, u = g(v) Xt v AJ R, v = h(z) ¥ = AR, BiF—1 R ESA FFERT
— P RBUE X, WIE S rREL y = fogoh(z) X z AT, MA

dy dydudv
dr  dudvdz

Bl 3.1.12 K sinz® BFEL

= f'(g(h(2)))g' (h(z))h' ().
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B3 E PR

m iﬁ' Z :Sinxs, EFIE]&% Y = iL'B, m\l‘llg[ﬁﬂug‘ﬁi e Siny 7_F[| - m3 E/-.J
SRR, BT, HioR SRR

(sinz®) = (siny)' (z®)’ = cosy - 322 = 322 cos 2®.

MIXAFIFRT AR W, SR G pREUH 8 B e e 2 T2 sR B0 i WP L b
O A TR, Ui, B E] AR &

$l 3.1.13 K z = sin(cos z?) BYFEL.

BB ZPREE 2 =sinu, u = cosv,v = 22 = eREE G, Frl

(sin(cosz?)) = (sinu)’(cosv)(z?)" = —2z cosusinv = —2z cos(cos z?) sin z>.

Bl 3.1.14 K 2= (1-2)? FH

B (1—2)° HoTEEERTE, B (27) = nam RSB iz
B, AT AR R SR (R %R R 2 = ° Fly =1 — 2 E A,
D35 5 Ay fe 24

(1-2)°) =@V 1~-2) =-9y° = -9(1 - x)°.

Bl 3.1.15 k2= (1 +"‘“")3 ) S5

1—=x

B OLEETIAE I, 2 = o° Fly = —° WA REL L

1—=x

(122)) - (122) -ser-tn=t s
142z 2. 9 _6(1+3¢)2
( ) 1-22 (-2

Bl 3.1.16 X f(z) fEM = AbR] T, H f(x) # 0, WEPHPREL In | f| 7E5L = 7]
F, B2

f'(x)

(n |l = F55

Ko, A 1
(nfe)) = =, z#0.

W HTF f(z) A = 0] 5, AL, HIFE—1TS « BIXE (2 —
6,z +6), (FIFRE f FEH EMBERTFRIS. X f 7£ (v — 6,2+ 6) EEUESH],
Ifl=f, Bl In|f|=Inf, EREE z = Iny, y = f(z) BESHRE, Hit
f'(z)
f(x)’

(mmr=mmﬂfm=éuﬂm=



§3.1 ¥

z=Iny,y=—f(z) WEEHRE LT

(n|f]) = (ny) - (- (@) = 5 (=f'(@)) =
g A, B A DL,

3.1.4 REAHHIKFEN

FAVHIE, R eR%L f FEXIE] FiEsE, BA SCeRE f~1, W F 7545 HiA,
i ELR pREL £ FEHE SO gk, aniReR %L f I, BARER], H kU2
ARl F? MRERREER, B2 i35 5 R g S 5507
EHE 3.7 Ry=f(z) EEE T biks BAR K f~1 R fEE
T H, B f(xg) #0, MWEXERR J=f(I) R %% f~1 £E5 yo = flzo) &
T, H
(=) (wo) f' (o) = 1,

HE R,
1 1

U0 = 5y = P
TR RMTEAT 2o LU yo AR DK S BB FIE . X3, U
TSI — S BT
Wi S, EER R R £ () BT S, R R
) — W)

Y—yo Y—Y

RAEAAE. BN o= £ (), 20 = " (wo), BTLA
f7w) =M wo) __ z—wo _(f(:v)—f(:vo))_l_

Y—1%o B (x)—f(ﬂio)_ T — Ty
A pRE = f 1 (y) WEZE, FTLAY y — yo B, z — zo, 7E EXFHS v — o
Bpf5E B Z56. O
Eid

1°2&3], AR —AALWREYT, R y=fz) PRI 2= f1(y) 9 H
%R, T2 TEIGE LS (z,y) K8 WE L ANFdky = f(z) A EA, 14
R A L5 SHEAES e #HEGHEM o 89 EW tana, Mz = f~1(y) 49

ARA, L ORERRE L5 ALE y HEQEM y HEQORA B (a+p=3)
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%) iE47 tan 3, FiH4 E A 184

2° 4w R f'(z0) =0, BP R AKX — 5 (z0,v0)(yo = f(z0)) IEFATT = 44,
MAhz=fYy) WABRAR MEEETAXEMENKS y 8 AHEZILFT K.
Frvk f=1(y) & yo = f(zo) RTF (iﬁ‘iﬁfﬁ"ﬁf&ﬁ%‘k) Blde y = f(z) = 23,
XA ARG E SR, ARFBHE 2= 1 (y) = ¢y. BA f(0) =0,
Fvh f~ly) £ y=0 RTF.

3° —fk kB, TMEKMA 2 AF—N2HBAES y AFHALEEZ, AT
ERLERAREAEALT, BMNBEFL y = f(z) WRRZHEA y= f(z). £X
MNEFT, B y= f(z) PEHR I y=fz) WEKRE Oy FEEXT
HE o=y AR

B 3.1.17 SR =FfeRE TR EL.

fR y = arcsinz J& z = siny,|y| < E IR pREL, 1 = = siny FEX[H]

(—5 5) WA R, H (siny) = cosy # 0, FJFHXEXT XA (-1,1) W, y =

arcsin T TE, E.

1 1 1 1
(arcsing) = — = = = :
(siny)  cosy /1—sn’y VI-a2
[FlRE AT 45 1
(arccosz) = ———, z€(-1,1).

V1 —x2
BUAE% HRBRE y = arctanz, B © = tany MIRREC BN EERGE (-2, 7)

M, (tany)’ = sec?y # 0, FrlA
111 1

1 I — = = —= 2
(arctanz) (tany)  sec?y 1+ tan’y 1+ 22

|z| < +o00.

RIUA

(arccot z)’ = — |z| < 4o0.

14 22’
B 3.1.18 RIEFRAE y=o® FFHRE, XBE a>0H a#1.
i #ﬁ@ﬁ y = a® EXERE = = log, y B eREL, TIAEXIE] (0,400)

F, (log,y) = — 75 0, AT BRE y = o™ FEXT R AYIX[E] (—o0, +00) AT,

i
(a%) = (log, v)’

Fiil, 2 a=e B, H

(ez)l = e:z:’ T e (‘*OO, +OO):

=ylna=a"lnae, z € (—o0,+00).
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BILL e AR ECREUT) TR A TH A B F5E b, XRIZIE BR A R IR 1
. LAEIRATEE R, 2 X F iR iy il —E IE LT LA e AIEHFE Rk %L, B
ISR AT FRREL £ W £ = f, W fz) = Ce*, Hh C AEREHEL. WX E
F, UL e AIRHFERREL e LA E MR REL (LA e MIRIIXTERED) Ine BA—
JE TR L7 A2 P LA R AR 1)
f 3.1.19 & y=a%(x >0), XH o BALETZL U (2*) = ez~
iERE Y o 2 ARE (B35 o = 0) B, IRATE LRI RE TR LA T
THER. Y o # 0 B CHARWATHE IEH) A RED), 2o = e*!n® EREMRE y = M
PR w = alnx WEGRELL FTLA
dz®*  de" du u o
Az dudz ©z
MEL_EPIAEFRIHL 405R o > 0 H a # 1, PR v = u(z) TES = L] R,
PREL y = @) & y = o il u = u(z) BEGREL, FTLE = 2bFT 5, B 5 RE
& (@) = a*®y'(z) Ina.
W o BAEREFE, B v =) £ 2 &0]F, H v(z) >0, W y = v*(z)
e z At ] T, HSE0E (v*(2) = av™ (2 (z). LRaXEsiie, ATA
Bl 3.1.20 & u(x),v(z) TS, H o) >0, WEHK y = v(z)*® 77 HF
o2

a—1

= Qxr

v Nu(z)y — u(z) Mo Inw U(.’E)U’(:IJ)
(@)@ = () (w/(@) mo(e) + LOTD).

iERE R y = e@ v Zpgdl ¢ = e w = u(z) Inv(z) ES, FTll y
TE = A FHUZ

yr (.CC) _ eu(w) Inv(z) (’LL In ’U)I (.L‘)

= v(z)® (u’(x) Inv(z) + u(:c)v’(x)) .

v(w)

AR R T AT 78 y = o PIRECTEL, 15
Iny(z) = u(z) lnv(z),

KizA Pt = K8, A

y'(x)
y(x)

v'(z)

= u'(z) Inv(z) + u(z) ()

Rt gs T 4R
B 3.1.21 =K y = xe® M) REU) TFHL
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Rk HLANARE CPR RO K, MR ELFERE « By eREOFXT y K T15

S !
1=a'e" +za'e”,

iEid

1° il BT 400 77 ik L — & o8 k. B A sy a2 i A Ao, st
FREFRE R (RR) 69 BHRH, BRAAHF R FEEET REA.

2° 3T AR p(r,y) =0 L HUR BRI REBALET —AEER
A NEZHIH EZBRALABTEEZRFHT. AXFaNBES =
it A-43.

3.1.5 EXEUEERELFH

Zit, NELEE TAEEAWEREN SEARX, ILEIF:
(C) =0 (C HEE);

(sinz)’ = cosz, (cosz) = —sinz,
(tanz)’ = sec’t, (cot )" = — escx;
(arcsinz)’ = ! (arccosz) = — !
V1—a2’ V1—22’
1 1
(arctanz)’ = T2 (arccotz) = — L
-

1
(ei‘)f = e:l!, (lnl:), = —;

x

(@®*) =a®lna (a >0 H a#1),

(a4 = pah=.

1
(log, z)" = o (a>0H a#1);

FA17 B HEA) 5 PR B T R BSR4 35 R AL
H_ERAS, HizACRFREENER  Z68REcRT (BENEN) AR R
RORS, AMEA]LLSE W) 55 R R H 2 SOSN8, A RIGR B8

TR g

3.1.6 B

By = f(z) fEXIA] T A1, EHIFRE v = /(o) WAOAREL f H—Br 7
B AR o = f(x) 1B R = B eREL, D3R FT5, WIFRHSEOY R B f(2) BB &



§3.1 S

B, IEER f7(2) = (f(x)'. VAMISHE, IR eR%L f(x) B9 n — 1 Br e Bmsk ]
T, WLFEEN f(x) B n BrSEL JFHEN

n » d™y d™f
Y (@), 0@, i) & )
i g f d d"‘lf
f(n (z) = (f (n— 1)( )) g Tom a(dxn—l)'

e B SRR SR AT B Ly b RS, B AnsE o s sh B L REAE AT TA] ¢ Y
BRECH s = s(t), WH—BTRBCHEE o) = (1), M FEHIMBEE o) =
V() = $"(t). WL B, BERA—Fr FACHIZRER, B AR 2 i h 2%
M h R (W 3.5.3 ZhT9).

MFRIE R, — DR S R D], BB ADELE (WA >
RIS 12 8. PRI BRACR B B EORM0R, Xf PR B IR, LA f () = |of
XA TF, ZREBUE v = 0 A, BN ESTEIA — MR, Aot Btk
— A ERBOAT 3, H TR SRR AL . sRBEAT B RS BT L, RO
L, B, —BOn s, PR TS ET .

WER A PREL w(x) F v(z) #BRA n Br el Ba BARA

(u(z) +v())™ = ul™(z) + 0" ().
X EAT SRR R -, WA
EIE 3.8 (Leibniz X)) # u(z) = v(z) #A n B-F4, 0
uv)(" icnu(” k) g
iERR Xt o FHECARNE:. n=1 FRER, Y > 1 A
(uv)™ = ch (n—k)y

l

mn
=0

(Cku(n k1), (k) +Cku(n lc)v(k+1))
k=0

_ n+l 'U_|_ch (n+1—k) (k)‘l‘zcﬁ_lu(n-}-l_k)v(k) +’U,U(n+1)
k=1
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=yt Dy 4 Z(C’; + CE=1yy(mt1=R)y (k) L gyp(nt1)

k=1
n-+1
— Z C,";Hu("“"")u(")_
k=0
[A 1t 2 38 RS a

B 3.1.22 & P,(z) = an2z™ + an_12" ' + -+ a1z + ap 2— n KL
X, REMEH-FE
® R®ITA

P.(z) =naz" ' 4+ (n — Dap_12" 2 +---+ ay,

HARZE—A n—1 KREI, Wil 20T pRET IR 2 AR BFER T —IK
LK T, LOKRBNEH k (1 <k <n) KA, HERE— n -k KSTIK, R

PR (z)=nn—-1)---(n—k+1)anz" % +--- + kla.
FEB, 2 k= n B, HERE—HEL B
P™(z) = nla,.
2R FRREE T n K (k> n+1) B, HE5RRE, Bl
P{F) () = 0.

XTF L, FATE ] LLOEHX 18
MR zg BEZIK P.(x) B r BAR, B) P,(x) 7T AR

Pp(z) = (2 — 20)" Qn-r(z),
ﬁq: Qn—r(x) %_'/l\ n—r Yﬁ(glﬁiﬁ, E Qn~r($0) ?/: O, DIIJ Pn(x) ﬁ/@%{#’
Pn(.’I:o) =0, Prfx(mﬂ) =0, ---, Prngl)(a:O) =0, Prg,r) (-730) ‘_lé 0.

BEF AN Leibniz AXMEZHACR R RS TIEM. FELE, ERFAFA
R ot SCR VB ECR S0 . (B8 AT LAHES 25 SUEE — 1 2R
BT S ER. BN TR f(z), ISR

f(zo) =0, f'(xo)=0, -+, fOV(xg)=0, f(x)#0,
HllJffrx Zo ﬁj f(al) El{J T E?;‘ﬁ



§3.1 %

i 3.1.23 3K f(z) =e*,z € (—o0, +0c) KB T, HYP o BEEL
ﬁg (eaa:)l = aeaz’ (ea:r)n A (aeam)l — a2eaw, oy _ﬂiﬁ

(eaz)('n) — a"e%".
5]
(%)) = ¢=,

% 3.1.24 3K f(z) =In(1+z),z € (—1,+0c0) I n Br FeREL.
i HECEEgAHE

d"In(1+z) noy (n—1)! B
e A v T
il BiLoa
d"In(1+ =z e
B PRl

% 3.1.25 K sinz Fl cosz, x € (—o0, +o0) B n B PREL.
i@ HECEERNESIE

(sinz)™ = sin (a:+ E) ., (cosz)™ = cos (:L' + E) , m=12 e

2 2

¥, £ = = 0 AL,
(sin x)(n)lz—(] — sin n_J'I: = 0, ﬁl[! n %{%ﬁ,
= 2 (_1)(11—1)/2, 0 n HEE,

(cosz){™|—p = cos . (—1)™2, 0 n HEE,
. 0, m n A

2
B 3.1.26 K (1+2)%,z € (—1,+00) B n PrFeREL
R R R ECR RN 5 A

(1+2))™ =a(@-1)(@—2)---(a—n+1)1+2)*™", n=12---.
5
((1+:L')°‘)(n) :O:a(a—1)(a—2)—~(a—n+1), n=12--

% 3.1.27 % y = arctanz, 3K y(™(0).
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3 5 HUREREG

1
14 z2

oy = AL, PREY arctanz AEEF 5, H

(14 2%y = 1.

i Leibniz 2430455

1+ 22)y™ +2(n — Day™ D + (n — 1)(n — 2}y = 0.
¥z =0 ARG BLEHEAKX

y™(0) = ~(n — 1)(n - 2)y"~2/(0).

HF 4(0) =0, y'(0) = 1, HifFH

gy (0) = (=1)*(2k)!, ¥ (0)=0, k=0,1,2,---.
3.1.7 SEFBRFRRAHRER

TEHARIRRT, &

B HE A EE
r=r(t) = (z(t),y(t), telapf

X HGELEM SR E X, Sl TR, B« My FERS7ER ¢ B9 eREUT e SGE
AR AR e (t) B IE, HR R AR R O D A
Z[H]

|z —y|l = V(21 — 1) + (z2 — 32)?

RELME (AL LA 582 BI0ER) Bal. flande e SGESER, REH
Ir(t) — r(to)| < e FBEER) |f(x) — f(zo)| < e BIAI. XHEE XAELHS
SralXE o(t) F oy(t) 2 X ESEHESEM . X FrE r(t), PR EEE X
nF:

lim r(t+ At) — r(t)
At—0 At

EEF LA P, ik, RAFESF 0 T80 AN B9 B BRAF

. E "'“*Aﬁ"'(” RMAMER IR, L 4 At — 0 B, R

=r'(2),




§3.1 S

r(t) = (2'(t),y (1) FRMERLE— (2(t),y(t)) BPImE. WH rt) TR
FRRAE ¢ IS ZI PR AR B Ty, W) o/ () R R sz sl Y BE ) . MK~ 2
&, ZHOTRFRM R, TS 2 2, o =20 5 S 0iE Bl AR E W,
MR, AT KT R R R PR AR rT LAME) B [ A pR L 1 (t) Lok, Bl
§3.3 REBH 9 pRET A S o0 B B, X (¢) BEAS PR

X _ESHOT AR R, WRAE— ST LLRR R v = y(x), B

2 z,y WS R ¢ R ATESH v X o 5958 BRI,
WSO
{m ~ a(t),
t € [, ]

y =y(t),
FRMRE . W 2/t) £ 0, H 2 = 2(t) FEEA AR t = t(z) =
M), A y = y(t) = y(t(x)), HAX = K

dy _dy de
de  dt dz’

FIH @ = o(t) B RECR 518
dt o da:‘l(:n) 1

o =1
dz ~  dz  Z/(t)’ b=~ %)
ES]lid : o
y Yy — i
= o) t =g {z)
MIUE &, &4 RERIEZ DI E W82 . iRgkask T, 15 B
T
d*y d (dy\ d /dy\ dt d [y(t) 1
-z (E) -z @ z-25)
_ Y (#) — ' (t)="(t)
(z'())?
>4 3.1
L HE FHIREAE S « = 0 A EE Al 5.
= |sinz|: T) = z+1, =20,
(1) f(z) = |sinzl; (2) f=) {17 2 < 0:
2 inl It n T T
(&f@%={$s 2 T (@f@»={1“*'* -0
1, =0 T+ 1, T <0

(5) f(x) = |zle®; (6) f(z) = |2°].
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2. 3K a,b RYH, {8 T2 R BUALAEF] .
B T, z<€1, _JIn(l+z), -1<z<0,
(1)f($)~—{m:+b, ¥ (Q)f(m)—{ax_'_b’ z>0.
3. PR g(z) 7 = = a AELE, iC f(z) = (¢ — a)g(z). MEH: f'(a) = g(a).
4. FHRE f(x) 7E zo ZLR] S, UERA:
limg J@o+ o) = F(@0 = BH) _ (5 4 g)f'(zo) (a8 WHHD).

h—0 h

5. A f(z) £ =z = a VS, H f(a) # 0, iEWH: B |f(x)| 7 2 = o HATF. #
f(a) = 0, g RETIGL?
6. 3R R B T AL

3:r2+92:~—2_ Lo )
(l)y——w, (2) y = sinztanzx + cot x;
— 2 . = & __ 5
(3) y = 2" logy z; Wy=1—0z
_1+hnz _(1+2)Ine
(5)y= l1—Ing’ (G)y_sin:c-}-cosa:’

(My=(=*+1)Bz-1)1-2%); (B)y=2> tanz-Inz.
7. KT REHFEL

(1) y=zv1-—2z% (2) y= V1+In?z;

(3) y = arccos 231/—5 1; (4) y = (sinz + cosx)?;

(5) y = (sinz®)’; (6) y=1/z+Vz+ vz

(7) y = sin(sin(sin z)); (8) y = sin(cos®(arctan z*));
9—"”3"13- 10) y = zv/1+ 22 sin z;
()y~($4+1), (10) y = zv1 + 22 sinx;
(11) y = eV="+,; (12) y = In(In*(In® z));

(13) y = 2° + 27 +27"; (1) y = (nz)™;

(15) y = (tan z)°*~; (16) y = 10" - (sinz)“**%;

_ (z+5)%(z—4)'3 2 [l
(17)y_(:v+2)5($+4)1/2’ (18)y—1_m l1+z+ 22
8. & f(x) =2*, K f'(z*) 5 (f(z?)).
9. & f(z) = In(z + VI +22),g(z) = eV, K f'(g(z)), (f(g(x)))".

10. & f(z) AARTS, R j—g



11.

12,

13.

14.

15.
16.
17.

18.

19.

20.
21.

§3.1 B

(1) y = f(=°); (2) y = f(sin z) + f(cos® z);

(3) y = f(e” +z°); (4) y = sin(f(sin f(z)));

(5) y = f(f(f(sinz + cosz))); (6) y = f(e")e! ™.
KT 5 sR B AL

zel/®
(1)y={1+e”3’ z#0, (2) y=|1 — 2z|sinz.
0, x=0;

no 1
i&n%}ﬁﬁﬁ,%lﬁﬁﬁf(x)={z sincy 2#0

(1) Hn=18, f(z) T£HA z =0 AT,

(2) M n=20 f(z) ER z =0 77, (BFRHE « = 0 LAESE (FELE, X
— A 2]

(3) M n>3 0, f(z) £ o =0 &7 7, HFRBEE = = 0 4bi%ELE.

1
2 s
z”sin —, o

HERA: A% f(x) = 0’ FEX[A] [—1,1] AR, (S RBTEX X
0, T =

&) TR

KT 3 eRE Y PR B0 TR

(1) y = ze”; (2) y = arctan %;

(3) y=2z"% — e~ 2%, (4) y=In(e® + V1 +e%=).

ERA: AT S A (8 R B B AT BR AR, T AT S A9 AT sR B S BN (8 R AL
TERA: AT A4 R eR U 3800 2 T pR

KT 5 & AAL

(1) Pa=1+2z+3z* + -+ +nz™ Y

(2) Qn =12+ 2%z + 3222 4+ ... 4 n%z™"

(3) Rn =cosl+2cos2+ -+ ncosn.

SR 5 R A — B S48

1) y= e_IQ; (2)y= z22%;
T >0,
(3) y = (1 4+ z?) arctan z; (4) y= {m ) *
-z, x <0

WREL f(z) A =K% K 7,y

(1) y = f(=?); (2) y= f(e* +2).

& f(z) = z™|z| (n R ERE), WEH: £ (0) FAE, B £ (0) RFEFEE.
K5 oR B0 = B TR

(1) (z%e=)™); (2) ((z® + 1) sinz)™;
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94 3 F BPARRBIHE

(3) (m)("); (4) (sinz - cosz)™.

22. SRMLL y = cosw & @ = 7 AMIVILRITHL.

23. EH]: AR oy = 1 FAT— s AbaybIZk, 506 A bRl sl i — f e ad i AU E (.

24. H—IR¥EHN rem, FH h em FIERHEES, ML a cm® /s 0935 B B0 R H A
K, SR b R

25. KH®EHA 18 em . JE¥EH 6 cm WEEIER L RAEREHR 10 ecm WEBIEES. CH
AKFET RN 12 em BEKCFR FREAYEEES 1 em/min. 2R BIAEE @ K F i
FHH .

B8 B

3.2.1 WoMENL

Wy = flo) TEHRE—H o BFHEAEE L. QSRXT A 28 18—~ ol As &
Az, WREE y N MUERIE Ay = f(z+ Az) — f(z). BPUEZER Az Al
Ay Z[aF R f ALS o MEARELR. RXFERERE Ac =0 BHIE
PITFLHER A, Bl

Ay = f(z + Az) — f(z) = AAz + o(Az) (Y Az — 0 ),

Hp A= Az) 5 2 X (Y8R5 Az %), WFF f 7 = ATHRL &M 0
AAz HERE y = f(z) 15 = RS, ich

dy = AAz  8{ df(z) = AAz.
X st
Ay = dy + o(Ax),
R, dy ERBUEMZE R Ay 78 Az — 0 B FEH (55— Az 1

B IS V).
FEER, WRREL f 1€ o T, B Ay = AAz + o(Az), W

lim f@+as) - fiz) = lim % = lim (A+ O(Am)) = A,

Az—0 Ax Az—0 Az Az—0 Az
R, RETEX —H . RZ, I f 7E = 4bn] T, N
Ay - f(@)Az _ . (f(z+Az) - f(z)) — f(z)Az

Az Az T Aw—p Az

= (.



§3.2 o

XY Az — 0 B, Ay — f'(z)Az b Ac EEHITTS/ME, FTA Ay =
AAz +o(Az), Hr A= f'(z), HILEREE o ZbRTHL kb, A4

EE 39 y=flz) £z THHOAILELZMHRE fz) £ o TF, XH
dy = f'(z)Az. B FSAE— 5T FH B AL£— 5 TH.

X BRUGRERE y = f(z) FE—8 ¢ BMSE—15 « MR8k m%,
B Az BF f/(z)Az, TIARD— = BUREL XTI RS y = f(2) = 2.
W f(z) =

dy =dz = (g) Az = Az.

RY A28 B I S e A S, TR — MR y = f(x) TE55 o MR Xnlid
5%

dy = df(z) = f'(x)dx.
WA, dz 5 dy #AZEWENE L, ENaERAZR « MEZER v Ml

A
dy _ df()

dz dz f'(z)

B BR B E — 1 SR A B B 25 B B MM . TR T %{- i
Ve T B R F R, TIIAETT LU BB R T MO R it
B A4 B H.

W 3.7, 1 y = f(z) MER E—R (2, f(x) FEVIZ L. Y4 o« BUSSUE R
Az I, Z A, eREER R BB PR e i (R eREBUE L) /2 Ay, 17 L
LR B NEPRA SR RER PR AL y = f(2) FERL = LAY dy = f'(2)Az. T
|Ay — dy| = o(Ax), B |Ax| IR/DE, PRETER » FIBUER S5V bR Ak
PRRBUE R R ZE, I AERABUER Az KU, ZET5 /N, FES «

9

D)

=
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3T AR REIRS

BFA, WAL (2, f(2)) BOPIZACES BRECIE B HIZR. XA “LAEAR
" AYFEAS B
WS i, S MhZk E— 8 (20, v0). yo = flzo) MTIE TR

y —yo = f'(xo)(x — x0).

3.2.2 WAWMBEE—HMAEXHAZYE

M ERIAR dy = f/(z)de VLR IEAR)E R BURK T, AT LAXT R b
25 W AR e B o s X

dC =0 (C HEE ;
dsinz = cos xdz, dcosz = — sin zdz,
dtanz = sec?zdxz, dcot z = — csc?xdz,
darcsinx - d d arcco . dz
s = @, arccos r = — 3
1—z2 v1—2z2
1
darctanz = ——dux, d arccot x = — dz;
| 1+ 2
1
de® = eTdux; dlnz = —dz;
&

da® =a®lnadz (a >0 H a#1); dlog,z =
dz# = pxt~dz.
AR, Bl AR XT R OC &R, FATTAMER 2 T 51 .
EIE 3.10 & HH ufe v & o LT, W FHBEK cu,utv,u-v, % (% v(z) #0
i) &£ o & T, BA
d(Cu) = Cdu, £¥ C Hwik,
d(u £+ v) = du % dv;
d(uv) = vdu + udwv;
d(u) vdu—ud‘v_

dz (a>0 H a#1);

;rlna

e

DA b2 SR MR R e R s ) ELHESS

EIE 3.11 KHy=pk) TEXEEE T L, 2= f(y) kifﬂ"—"/i\@% e(I)
BER JE R y=0p() £z &TH 2= fy) £ y=p) LTH, WELE
F 3 2 = fp(x)) £ o LT, FH

dz = (f o ¢)'dz = f'(y)dy,

AP dy = ¢(z)de 2B y=p(z) £ o Lo



§3.2 fH

UERR il RiANE & RECR FREEAIEN, A

dz = (f(p(z))) dz = f'(¢(2))¢' (z)dz
= f'(y)dy. O
EFE 3.11 Y, WERX BF, Teit y B BZERSEPEZR, 2 = f(y) B
S HEAMEIERX df(y) = F/(y)dy. XFHERIRS— B XA,
5l 3.2.1 R y = e *sinbz BURSY, HH o, b ARREHEL
& A REZEM— R TR A R, B
dy = d(e™** sinbx) = e~ **d(sin bz) + (sin bx)de™**
= e~ “(cos bx)d(bz) + (sin bz)e” **d(—ax)
= be”"*(cos br)dx — a(sinbz)e” ““dx

=e “(bcosbr — asinbz)dz.

5 3.2.2 R y = In(z + V22 + a2) G, HF o BFEE
fR

d(z + Vz? + a?)
2 1 .2V) —
d(ln(:l:—l— ) —|—a))— Y
B 1 (dx+d(x2+a2))
Cr+ Vi +a? 2v/x? + a?
= (1 )
— 14+ ———|dz
Y~ et S =
1
-~ _da
VZta
FH HEIA AT AAS 312 pRAC 5K
dy 1
dr w/—:c2+a,2'

] 3.2.3 H0<qg<1, BEy=y(x) WE TN
y—x—gqgsiny = 0.

RIHLy = y(o) HFHL.
B AR R BRS y WBAFR, B TR v(2), 7 EFI%R
MBS o RO, IR —BioE R R, 15

dy — dx — gcosydy = 0.
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4

3.2

1

p) = =—
dr 1-—gqgcosy

1. y=za4z, i1BE =14, 4 Az = 10,1,0.1,0.01 B, R REHSCER Ay
FERBIMS dy, Mg Ay — dy BE Az B/NZEIEAE B

2. KR H KRBTl oT
T
(1) yZID(§ = Z);

1
(3) y = arccos —;
|z|

(5) y = 5V arrtanm2;

(2) sinz — z cos x;

(4) y=1In

r+1

:n—l\_

(6) y = tanz(l + 2z%);

- ) __T
(7) y=e COS(3 ‘1:)! (8) Y \/932_-H
: w W 5 Ly
3. M FHIEE, ok T4 R .
=x'} ? =t —sint,
) {m n(l+t%), ) {m t —sint
y =t — arctant; y=1-—cost;
3
I = pCos P, T = cos",
3) { | (4) { ~
Y = Y sin ¢, Yy = s .
4. KT AT R AT T .
3t
— o Ir = 2 1 ani
47" e @ 1 -2
y = sint 4 = 3t
1+ ¢2

§3.3 WO REEE

MAT I IEBIAT G R, RATRE T R 8L f R kit —20 TR A 5

. FRATEER, SECE R 2R
f(z + Az) — f(z)
Azx

IR FRARAS, A ZRERA Az ACPIHE. 22 EEY X REHE « LUK = ik
AME, B R—Fp gk R, M SR RN — 5 = 1 <RE . 3K
16 B AR B 1 pRASC T B8 SRR o, 4 ) PR B AR B P o (HX A 2
HAEIR.




§3.3 S {EEH

A=A A BN Bl WrRE f(2) = C B—AHEREL, WETELE
il —s o R [ (2) = 0. RZ, WEREHM—D R f fEF— NN RECNE, ik
P X A R — R — R RN RS ER. BRI EF, fR—
A PRR E R — i A DA S AT 1Y, U3 R 28 B P AR B A iy 24K
V. WY EE, WER—A B AE S AR AON T, T A BT i w1k
F. (B, il AR PR

. flz+ Az) — f(z)
AI;:IEO Az

HEWTRREL f B — D HEL FIAR R,
3.3.1 Fermat EXHFI Rolle £

EX 3.12 R f(z) 7E zo BIERIH (2o — 0,20 + 0) WA E X, WNHEX}H
HHAE—S =, #H

flzo) = f(z) (B f(zo) < f(a)),

HEAFR f(wo) FPREL f(z) BRI (B MA), 20 R f(z) —AHRK
(B (BUR/IMELR). BB FIR IMEGEFR FARAEL, 5 AR FAR /MBS R R
HA.

HE, EBE A E R, SREEREL . BB RITE.

EIR 3.13 (Fermat (% 5) £8) R &M f(z) ELELRNE I 9—4H .5
(BP AR &% 5) zo LIRE| B 3pRAl, B RHAX—ETE, WA f/(z0) =0.

iERA A eREE xo BRI KAE. ARYEE X, B — 4B (20 — 6, 20 +
§) C I, {15

=0

f(xo+h) — f(zo) <O
GXBE AT HIE, iC h=Az), REHZRE R L || <6 TEER

f(xo + h) — f(z0)
h

f(zo +h) — f(xo)
h

SR BRBAE o AT, FrLATE BSR4 h — 0~ Flh — 0F, F

>0, M h<0 B

<0, Hh>0 B

fL(x0) 20,  fl(xzo) <0,

B f(z0) = 0. 3 f 1E mo BER/MERITEL, FT2ERAER. 0

99



100 %% 3 & PR RBEMDF

i’ 3.9

MU E&, HeRE f E— zo BENCK (B/y) (5, Gl sR BRI RTE
R, BAZERKFH (CFATT « ), i 3.8, & 3.9 Fiw.

B2, 3 3.13 B AL, Wi, BME R f £ — NS FECE,
R — SR A, BRI f(z) = 23,z € [-1,1], B, f(0) =0,
B2 = = 0 MRZREIREA. BIELIH, EX 3.13 R4 VX FEryEie, Bl
FERE R, HEWTPREA G (K . /D) (EAFER AT REYE. 8%, FRFECNFE
R R B BE A, PR AR T A PR AEL A, RS PR — e B a]
(FRATBE ¥ AT HEARTIE).

EIE 3.14 (Rolle (¥ R) £#) & f(z) ZHARM [a,b] LiEE:, EFRIE
(a,b) ATHF, M A f(a) = f(b), WA ¢ € (a,b), £ f(£) =0.

iERR  MRIEHIIX[E] [a,b] LS RE— @A R REME/IMERF L, IR
KEFE/MEF ZDH—TTE (a,.b) WER— € BT, ¢ HARBRBRES, WE
3.10 Fii7s, HEHR 3.13, f/(€) = 0. RZ, WREXR{EMER/IME RAEAESG A o Al
b AbERAS, (B2 f(a) = f(b), BIEKAE AR/ IMEAHSE, sRBUS B H{H eR%Y, At
PR PRESAEAT ] — S HB A 0

PEE ] T2 B, Rolle & BEH ) 5814 HIIX[R] FiESE | H X A AT &
Ui o SE(E, —FB—ATT, Gl 3.11 R,

AF————

M —-————

A& 3.10 & 3.11



§3.3 Gl E e B

3.3.2 P lEEH
EIE 3.15 (Mo PAAER) & f(z) &£ [a,b) £, £ (a,b) TH, WA
€ € (a,b), 1£
(&)=
A, FATHFRA P EER A Lagrange (FIHREIR) REEIE. F5E, W

B f(a) = f(b), MPEEIIEN T Rolle EH, KB Rolle & FHH —H)
SEH

f(b) — f(a)
b—a

& 3.12

MILAI B, o A e e B S5 R R A ME AR B . 4P 3.12 F7R, %5 18R K

()22 i
f(b) — f(a)

b—a

ERHFIL AB R, MR TRHIL T8 s) (FIERIERAL), ez DR
— MBS MY, BEDEENT o M b ZAH—5 &, FHREZEYILN
RIRFTRLNFE. NOH EE, —NE BRS80S A IRTE 5 —A it ZI Y
Ik Bof B A TR Bl R A

EE 3.15 BIUERR  JERH A 7 2 HAL MRk IE Rolle 7 Mk
e, NER EF (FedE 3.10 FIE 3.12), HEHE Rolle & F A A7 5 & —1
. HiRITEaE— B RE F(z), 15 F(x) # /2 Rolle .

K AEEE (a, f(a)) F1 (b, £(b)) PSR EE T2

=LY 0+ fa),

w
F(z) = (@) — (@) = flz) - LT ooy p(a),

M7 ZRAUE F(b) = F(a) =0, M H. F(z) 7EHXIH] [a,b] Fi%ELE, fEFFXIE (a,b)
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o5 3 W U R B o

MRS, Ik F(z) W2 Rolle SEFA =AM, BIFAE—5 € € (a,b), fHi15

F() = e - 191

TERMGT P EEB AR T, ATLAE IRIXH] [a,b] LAEREPIAT 21, 22( 21 < 22)
ZI‘EJH/‘J *{E%Eﬂ Epﬂ%ﬁﬁfl\ﬂ: £L1,T2 ZI‘ETJ%—‘},J;( &:(L‘l . f < T2, @Z‘%
f(z1) — f(fb'z)_

Tr1 — To

— 0. ]

(&)=

nAHE
€ =2

To — T

M2 0 <6 <1, Wik EXEEFKRN

9:

flx2) = f(x1) = f'(z1 + O(z2 — 21)) (w2 — 21).
s B E S, ok
f(z + Az) — f(z) = f'(z + 0Az)Axz.

e P EER S, BR T € ML TP 21, 22 ZIESE, X F ¢ MALEIFARIEH
(LB RIS . P, T f(z) = 22,

f(x1) — f(z2)

r1 — &9

=1 + 22 = f'(§) = 2€,

BRbL € = 202 R (o, 0] WA TN T f(2) = o KR, F/(2) = 302, T
LA
¢ = \/x§+:c1:1:2—|—3:f
_ oo+ ot

Mot E e 2. K&, JRAIIAGRSE Mo P EEH, 5285 E &1
—SepE . Horh ARG, BUROC A AR TR R (R, B FECHE
() pREICR AR (B R AR, Mk A

HEIE 3.16 R EH f A—ARE LS AR EAGE—AS o,
A fl(z) =0, A4 & f EREE—FZHMEBK £k, FHATSHHK
f #o g, RN FHANF, A2 PR E AT

iﬂfﬂﬁ H:EYB.I‘ETJLE%AJ—?\ r1 < T2, Tﬂ? [581,152] Ji, Hﬂtpfﬁﬁfﬂ’ﬂ], ﬁ?f—"ﬁx '5,
{15

f(@1) = f(x2) = f1(E) (@1 — x2),



§3.3 P EEH

5 £'(&) =0, TH& flz1) = f(22), BPPRECLE XX IA] AT RS EAR S, T LA
{ELPREL. O
F—Jr, FAVATE, 7T R % — e Lk, AR E e U R SR A T
B SRR, Bl
Wit 3.17 HRE fF ERN T T, BAEE M > 0484 |f/(x) < M(BP %
HAR), Mt EE T EHEERE 2,00, A

|f(x2) — f(z1)| < M|zs — 21].

R IR AT RO B A 2 Lipschitz (FIE#7%) S8 & HE. Fri)
BAE RSB RE—E R Lipschitz #EZER). X2, Lipschitz HELEARMNA[F. 1
MIFIA AT L.

B 3.3.1 EMIXHERREL C, JifE 2® — 30+ C = 0 78 [0, 1] DA REA P
AR SEAR.

EW L /() = 2" 30+ O B O, TRUE [0,1) EAPIHSR3:
IR 21,22, I 0 <2 < 2 <1, W fo1) = f(w2) = 0, B f(2) 6 [on, ]
i Rolle SERRY =AAAF, FTLALA o < & < o, (674

') =3(¢*—-1)=0.
B¢ =1, 1H 0 <oy < € <o <1, HOPJE. XULHIA PIAR 7SR BB BEAN AL

M
i 3.3.2 & 0<a<b IEMA
ol T, L
b a
IR T 0<a<b 87E [a,0] b, B3 Ina AR HEEAOSM,
FrAFEAE— 5 € € (a,b), T3

a

Inb—Ina= (Inz)|pe(b—a) = %(b —a),

I

ISH N

[l
Iy | =

TS B EE A A 25 5
% 3.3.3 JFBESE

; T
arcsin x + arccosr = 7 lz| < 1.
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WERR i f(z) = arcsinz + arccosz, M| f'(z) = 0, fTLA
arcsinz + arccosz = C (‘%) .

Ha=0RA, B C=3.

YE R PEE B — D EHEE T, 2 T3 Cauchy "P{EEFHE.

EIE 3.18 (Cauchy PIEAEH) # f(z) # g(z) & [a,b] LiE4E, &£ (a,b) A
TH, 1 BLAAE— 5 2 € (a,b),9'(x) £ 0, MAE (a,b) W, LHE—E ¢ 1243

f6) - f(@) _ £
g(b) —gla)  ¢'(€)

iX® BEH g(x) #0, & Lagrange PIEE %=, g(b) — g(a) # 0, v EX &9
A RAFELY.

iERR FEF), XY g(z) = = B, Cauchy F{EEFHE Lagrange H{E & B,
H I RTE G # BHE, SRR 7 Xt A M. 7E Lagrange H{E & FEUEA
Frta & HAH B R &L F(z) P, ¥ = 8 g(o) (NTTTXTRL KR a, b #-HL g(a), g(b)),
R4 Bl R 2L

_fO)-f@, N
mw_ﬂ@@()g(»

511, F(x) W2 Rolle A =25 7EMF] X [8] bi%EZe, fEFF X [B]N AT, H

F(z) = f(z) — f(a)

F(b) — F(a) = 0.

FRUAFEAE— 5, € € (a,b), {845 F'(£) = 0, B]

/ fb) —f(a) ;oo _

I B E BEROS5E. O

@J Cauchy PAEE 284 JUIT&E LRI

3.3.3 SEBBIMEHER

—EXIE] T AR FEREL f(o), HRBEAH T 1T NEFRE /(). FH
K gn T pRECE— RS, LUINTRRT sRECS R AR
H TR SE T sRARH AR BR [



§3.3 Ty e

EE 3.19 H I f(x) BRI [z, 20+ 6] EL (6 >0), £ (xg,z0+6) A
TF. B RHE oy A ARG E, B lim+ flx) =1, M f(x) & xo L8G4

SHAAE, B )
fi(zo) = lim_ f(z) =1L

g
UEBR XF = € (o, zo + ], FRTS) P {E S BEAS

f(iL') — f(:{,‘o) _ f,(f),
r—XIp
XH 2o < &<z Y o—af B, & — af, B, X EXBUR RS REBTE 20 H
FEREETFREL f(2) 78 2o AR, O

1K™ P HH U SR pRECEE X (B N AR AR P 7, IR ATEIX (Bl N B — Ak, - pR %K
fl(x) Badess, Baa5 MW, Al eA %S —2mWE. HitEHEASE
— 2 [B] W7 53 Y BREL (ANFF-5 BREL) ASRBAE A eREHY T pR 2L

EIE 3.20 (Darboux (iA#) Z#) & f(z) £ [a,b] LTF, WFFAHT
f'(a), f'(b) Z B GAEHRTIE N, —EFFE € € [a,b], 11F f/(€) =\

ER AW f(a) < f/(b). BRHIBEFREE: f'(a) <0< f/(b), B

im L& =@ _ gy oo i TR SO

z—at r—a b r—b

f'(b) >0,

FFLAEAE 6, > 0, {4524 2 € (a,a+6,) I ﬂ—?&’f@ o0 EY b a0
Bl f(z) < fla). UE, 4548 6 > 0, M5 2 € (b— ap,0) By LD =IO

z—b
FEEBR = < b, FTLL f(z) < f(b). I f(z) FEPI IR ALY PREUE f(a), £(b)
AR f(z) 1E [a,b] EROER/ME. BEERUL f(z) REETE [a,b]) WEF—A ¢ BEI&R
/IME, #RYE Fermat EHAH f/(£) = 0.
Wof F— R, AFHL f/(a) < v < /(). & g(z) = f(x) —~a, W g(z) ZEX]A]
[a,b] EAlF, H

g'(a) = f'(a) =y <0, g¢'(b)=f'(b)—v>0,

FITLAFFAE— 53 € € (a,b), 1 ¢'(€) =0, Bl f/(¢) = 1. O
EFE 3.20 #R T FEREE— 1S NIEARER, BIXFXE I b A S eREL
f(z) PAERXBIFEEPANAR L 21,20 € [(z1 < 22), LR f/(z) TIEEE
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o3& AR R B

%

B, TE [z, 0] € I EIFREMENNT £/ (1) N f/(22) ZBIK—LE. T TR

BA— e SRR, DI EIRSS R AR 2L sR B ELE BEAYHE
/& 3.3

1.

K flz) = (z—1)(z—2)(z—3)(z—4), WEHE [ (z) = 0 WEEREEL FHH5 AR
FERIIX [H].

BRREL f(x) fEIXIA] [1,2] B B, B () = f(2) = 0. id F(z) = (z — 1)*f(z),
JEH: FEIX[A] (1,2) WEDH—E € fi15 F7(€) = 0.

- A, R B R R ST ARG B € € (a,b) BAREMN — 5L, WFFTE ¢,d €

5 (D) _ pr6). (87 BB () = a®, € = 0.)
W F AR %,

(1) Ma>b>0,n>10,H nb" a—>b) <a” —b" <na" (a—b);
€

3 3 i} —— <In(1 ;

(2) ¥z>0 T,ﬁ1+$< n(l +z) < =;

a,8], i {01

a+b

2
» T ¥ ﬁ—
4) B0o<a<pf< > i, A p—m < tan 3 —tana < 0052?9'

HERA T 7114 45X

(1) arctan x = arcsin

(3) ¥ 0<a<bhf,f (a+b)ln

<alna+blnb;

1+ = 37t
—I, T < —1.
W f(x) ZHXIE] [0,1] ERRRE, WEE = € [0,1] & f(z) € (0,1); I HXHA
z, f'(z) # 1. iEM: 7€ (0,1) WA BAE—1 =, i f(z) ==
BRREL f(z) 1E [0,1] E3EEE, ££ (0,1) WG, B [f'(x)] < 1, 3L f(0) = F(1). iEM: 3

¥ [07 1] LH{]’EZ%W,& Z1, T2, ﬁ |f(£E1) o f($2)| < %

—, T > —1,
l—=z 4
(2) arctan x + arctan =

8. #r f(z) A4S, H f/(z) = f(x), IEH: f(z) = Ce®, C FIFEHEL
0. BAE Jy WA BREK f () ZEVIIXIA] [a, b] b3ESE, ZEFFIXIA (a,b) AT, HL f(a) = £(b).

10.

11.

12.

IERH: 7E (a,b) WAAFE—AL €, 1% F/(€) > 0.
WREL f(z) 7E [a, +o0) LAIHE, H Egrilm f'(x) = 0. iEM:
(1) ml{ffw(f(fc +1) — f(z)) = 0;

o fl@)
@ e =0

SEO: R f(x) 26 (ARR) FFIXID (a,b) WA A S EE, T £(2) 75 (a,b) P
R MEARKE (a,b) BOWTEITRIE, L5REML G A BRG frBL 75 r ?
BRI S8 @, y, R |f(2) — F(y)| < Ml — y[2(M W350) #ORSL, iV £(z)
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13.

14.

16.

17.

18.

19.

20.

EWE 8

% f(z) E—DXE T %S, B (EL) B TARAS LSS, f(z) 76 1T A SECHIE
(ffn), iEMA: f(2) #E 1 b/ A& By (o). (R, FEBIMY AL, f(x) ATREAATS.)
BEPREL f(x) B g(x) BIFEIX(E] T bi%EsE, H (££) B TABRANLE, f(x) Ml g(z) 7

selHz>all, F f(z)>g(x); Hxel Hz<abl, fH f(z) < g(z).

. f(x) 7E [0, +00) AR, £(0) = 0, f'(z) ™z, UEH: % fE (0, +o0) W™H&iE

1.

B w0 SEPREL f(x) B—DEEA (f' (o) = 0), H f(z) 7E xo BRI, f7(x0) # 0. iE
M #F f'(x0) <0, W zo & flz) O—WKES; & ' (z0) > 0, W 20 2 f(z) B—
R/IMELFL.

2Bl # 7 (xo) = 0, W] 2o ATLARE: f(x) RO R(E S alitl/ME A, T LI 2R (E
W f(z) 76 [0,1] B4 —BrSek%t, H £(0) = f(0), f(1) = f(1). KiE: f#7€ € € (0,1),
e f(€) = f"(€).

KT 1] e 0 B0 X ] S A (L
(1) y=22® — 327 (2) y = /3
(3) y = :1:29_‘"2; (4) y = V=,

(In z)? 1 2
(5) y= — (6)y=a.rctan3:—§1n(l+az ).
K5 R BE BT 45 DX (8] i K (B Al IME.
(1) y = 2 —22° + 5,z € [-2,2); (2) y = sin 2z — 2,2 € [—g —’25]
(3)y=arcta.ni;:,a:€[0,1]; (4) y=xzlnz z € (0,+00).
HEBR T34
(1) — <a?+(1-2)P <lze(0,1],p> L

2p-1

e 1

3
(2) tanz > x — %,m € (D, g),
tan xo Ta . T
(3) Snas > $—1,0<m <T2< 35
arctan
() In(1 +2) > TE2E,
(5) 1+ zIn(z + V1+ z2) > V1 + 22, ¢ FIEELE
T 4 1 o 4
(6) —— >3 — gcosz,2 € (o, E), BASRR 3 RS AH;
1 x—1 1 x41
(7) (1—;) (1—1—;) <4,z € (1,4+o00);
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a+1

a—1
1 = Tz — 2
(8) z* L + 2%t > ( a) +(1 a,) ,x € (0,1),a € (0,1).

l1+a 1+a
21. X8 T 5 R F SR P TRV L.
(1) = - 6z + 9z — 10; (2) axr —Inz (EH a > 0).
22. ®ae(0,1), b1 =1—a,
bn

1—ebn

] {bn} RAEWE? NS, W TUEW; s, WRAER.

bsgy = —a, n=12,---.

A EBENERAEDMIBA L'Hospital M. Frig “AREXAHR, 215
Yoo W THR—ME (BTF5) B, g5/ (K) Mg/ (K) BRREHARIE
AR (BESEHE 2 545 Pl BB R 2 5X). T EES. L'Hospital #5AYEEG 2 b
TRy Cauchy H{EEHE.

3.4.1 g B 5k 52 SRR PR

BIY 2 — zo (BIC5T) W, PIDTCT5 /v 2Z HE AR BiR [m] el
EIE 3.21 (L'Hospital 3 1) & f(z) #= g(z) £ zo MIETH, ¢'(z) #0, B
ih
lim f(z)= lim g(z) =0.

T—Tp r—xg

,
R lim L) o mzA tim L8 e TR — AR, T

o g'(2) z—zo g(z)
£ 00. |
iERA BB “fE @o BMHEA S, BIFFE—1IXE] (2o — 6, 2o + 6), XX
[BIAEE— S (5 zo PTREBRID), f/(z) A1 ¢ (z) #AFFE, M H ¢'(x) # 0.

T mli‘nleﬂ f(x) = mli_)n:r}og(;?:) = 0, FIENIATIRE f(z0) = g(zo) =0, X
B, BREL £ N g 1E 2z AREESE.

Bz XA (20 — 6,20 +6) PEMEE—T (z # z0), TELA 2 Fl 2o A L6
HXE] E, f # g 2 Cauchy FIEHEBRM—VIFRME, TREENT o Moy Z

(B — 3 €, 1]
f@) _ f@) ~ f(xo) _ £(€)
g(z)  glz)—glzo) (&)
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2K € — zo| < & — zol, BT @ — 2o I, € — wo. HUEIAEIL, ENEH)

f@) _ 1O
C[,'llm:() g(a;) §I—+m0 g’(&) L
ERGE R RIS B, WE B L TR
19 GEBH AR MR HY, 3 e FAR R st R T S BB (D 2 — o), 253
FIRERE. XF o — +oo,2 — —o0 BL o — oo HHAY g Bl S 2 AR PR, ﬂm;'s
L) L’Hospital ?‘%mﬂ XHBP x— oo B HH.

W man;o flz) = hm g(af:) =0, g ml_mo ch E )) I, M1 w_wo Jg“g; =L

UERH R HEE ¢y = —, M| 2 — oo B, y — 0, T H

1 f(:c)_ﬁmf() 2’”E) 1,

e lim lim

gl y—0 y—0 —1 :c—voog LE N
() )

2° FEfH] L'Hospital &M, a0 f( ) Uy g RkE=, EIANE

z)
mlin; flz) = Ili’n; g(z) = 0, MH hm iz ) hn;:l g'(z) = 0, WA LIAREE %

B SH, IR lim g E ; =1, Jim ﬁ 1 REHEAL, N

1) T
B Lo oo O mkER, R o oo B, L0 o
g () 0 g™ (z)
FR—ETFAE, P B —ANT].
2:1: -1
Bl 3.4.1 K }E,“ 0In(1+z)’

B OxKR—A = RREN, HET

) (623: . 1)! ) 262.1:
- -
I T Tely A 1 ’
1+x
FirLAH L’Hospital 32 0N|%0
g =]
lim =

x -z _ 9
Bl 3.4.2 3R lim & 1° .
z—0 sin” x
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B OxEA % Rl szt (H4 TAMES R BB M

(eF @ =—2f of —g™®

(sin®z)  sin2z

(38R e g Wt PRI BV L Hospital 20U, B

- e +e % —2 . ef — g% ) e ;e ¥
lim 5 = lim = lim = 1.

z—0 sin“ = z—0 sin2zx r—0 2cos2zx

3.4.2 g 5k 2 R AR R

Tit = BT EENERE, ERaTES, BRBEANRIR, XT g 7Y
Fe s HMBR, L Hospital 3 [RIREA R, IEW M2t E3E T Cauchy H{E5E
. FHEMGRIFEY 2 — zo HPRSF g %1 L'Hospital 20, oAb B 72
(YIRS, TRATREARVEHE.

EIE 3.22 (L'Hospital i£10) & f(x) #= g(a) £ xo WILTH, ¢'(x) #0, B

lim g(z) = oc.

ECES
lim M =
z—zo g'(x)
AL A
lim @) l
A%, 9(a)

TR TRARE—ANATRES, TR .

KEFERBALE, 55 3 A9 LHospital HIATLE, A B IF A 2
lim f(z) = oo MALF. BRK TR LG~ I EORFRY — A,

R RIEW | WSRO, | = 400 | = —oo MUTSIALL i
lim f:(”‘) =1 H, MEBLHEN ¢ > 0, fFE 61 > 0, Y = € (20,20 + 61)

vt 9'(Z)

i, A

f'(z)
9'(z)
H Cauchy F{EHEH, T [z, C (zo, 20 + 61), FAHE € € (x,¢), f#i15
@)= 1) _ '€
g(z) —g(c)  g'(§)

l—e< <l+e.
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e f(x) = £(0)
xr) — c
l—5<m<l+5.

T Illrfclng(x) = oo, M FREM ¢, FFE 62 > 0, {154 2 € (w0, 20 + 52) B, 1
|9_(°'l
g9(z)

=5 l%‘ <e. B 6 =min{61, 00}, TH&, M © € (w0, 20 +6) Bf, EZFZC

f(z) _ f@) = flo) flo)=Fle) glc)  flo)

g(x)  glz) —gle) glx)—gle) glx)  g(z)
<l+e+ (Jl| +e)e+-e,

f@) _
4ie) >l—e— (|| +¢e)e —e.
(Al ik,
f(z)
MIGE T tim 28— A i 12— 0
z—azt 9(T) z—azy ()
Inz

5 3.4.3 Wa>033K lim —.

z—+oo X%

R4 g s, FTLA

| 1 1
lim AR lim = lim

= (.
T—Foo T z—too qx® 1 .x zotoc ar®

HISL é o8 2. M lim o®lne = 0.

r—0t

XA FBEATEIE o BE2/NHIEE, 2 v — +oo B, FFREL 2o SR XS
5 3.4.4 ¥ p>0,a>1,3K lim 2

r—+4oo T

B OHER, RE u— k>0 %2 — +oo B, REM TR k B ekl
I JRTCGT K&, R AT B o 5 R AR R eSS K. FEUERE n > u,
4 2 > 1604

1 n
0<— < —,
a a
TR n YR L'Hospital BN 5A
” nx" 1 . n!

lim — = lim =-.--= lim
z—+oo g  a—+oo a®lna z—+oo g% (lna)”
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Jir LA
:Eli
lim — =0.
r——+oo g%

BB, oI p RZARMIER, REHE a > 1, X 2 — +oo BT, F5%K
PR o® & HORE PR o BT R B B 55 KA.

@ L’Hospital 7 1

3.4.3 HAbBRIE K EABRER

I e i Eiﬁli%‘tﬁ WRENZIN, A FILFRE
K

0-00, oo—o0, 1% 0° o,

PRSP § sk 22 0, T = LR R MR Rk, 1%
A, g B, I R 2R E R, #8AT LA L 'Hospital 200403,

el 1 — e ELPA R 1] - 1 b R 7 38

% 3.4.5 3K lim :r(g —arctan:z:).

T—+00
7 ﬁ%~¢ﬂwmﬂ%%ﬁiﬂﬁﬁbhgﬂiﬁﬁﬁﬂ:

T
— — arctanx

. 7T )
Iim =« (— — a,rctana".) = lim
r—+00 2 z——+00 1
1
; 1+ 2 ; z?
= lim ———— = lim = [.
r— 400 1 z—+oo 1 + 12
z2

5] 3.4.6 Eklim(l 4 1 )
zr—1 \ Inx l—=x
BB OXRE—Too-—cBRENX. y=0-1,1%z - 10Fy—o0.
E@ﬁmﬂagﬂ*ﬁﬁ.Eiﬂﬂ&*;ﬁum#ﬁ%i%¢%ﬁﬁ%ﬁym

In(1+y) ~y,y — 0, Frkh

— In(1 -
lim (b ) =l YY) y—InU A )
z—i\Inz  1—2) v—0 yln(l+y) y—0 y?
1
1
= lim —— ¥ 2

y—0 2y 2
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1

H zZ

Bl 3.4.7 K lim (51” .
F 5

R X1~ BRER, 4

h |
sinz \ =2
il |
sin
In -
Iny = =

B g RISk s, FIA L'Hospital M AT72

1 sin @
o T o . TCoST —sinx
lim 55— = lim 2
r—0 T x—0 2x
. —rsinz 1
= lim = ——
z—0 6z2 6’

X B AR TG/ NEFENER sine ~ @, BTl

1

lim (sina:)?*’ = lim e™¥(®) — ¢~ 5,

x—0 T x—0

=

5 3.4.8 K lim z*.

z—0+
iR xXJE 00 BURES, M 3.4.3 DA RIS B R B ESEES
lim z* = lim e*'"* = eri—i*lg+xlnw =e'=1.

r—0t r—0t

5l 3.4.9 K lim .’L‘%

r—+00
Inx

R X o BIRER, iC y=y(@) = 2V/VF, W Iny = = | 3.4.3 AT

H lim I\n/f =0, AFLA

; . lim Iny
lim zV/V® = lim eV = ez—+ =¥ =1.
r—+00 r—+400

) 3.4.10 =K lim (1 — cosz)*"?.
iR X 00 BRES. HN

)ta.nm tanz In(1—cos x)
b

lim(1 — cosz = lime
z—0 z—0
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In(1 — cosz)

1'11% tanzIn(1 — cosz) = lin%):rln(l —cosz) = lim
r— T—

x—0 l
T
sin
z—0 £~ 2(cosx — 1)
FIrA
lim (1 — cosz)""* = 1.
—0
Bl 3.4.11 3R lim garctanz—3
r—+00
R XRE oo RUERER, H
lim xarcta.n T—5 _ lim e(arctan z—%)Inz
T——+00 r——+00
DY e
n
7 arctanxz — 5 Inz
lim (arctana: — —) Inz = lim :
r——+00 2 r—+00 l T
x
1
2 Inx
= lim 1 +a | — =0,
T—+00 _i z—+o00 I
2
AT7g
lim :L,a.rctan m—% = 1.
T—+00
. 1 1
Bl 3.4.12 3K lim (—2 - )
z—0 \ T rtanzx
i XRE oo — oo BIFKER.
. 1 1 . tanz —=x . tanz —=x
lim | — — = lim ——— = lim —————
e—0 \x2 gxtanzx z—0 z2tanz z—0 3
. Sinx —xcoszx . COST —COSX + xsinx 1
= lim = lim = -,
z—0  x3cosT x—0 32 3

TEHEARE MR IRIN, [EHITES5 /) (K) BESFEH U, WReRifbi Fad .

L 5 0. 3 1) FU (o) R 2o IHGHATST MR, B Jim £ 501
Il

i 1@ _ o f@ A

z—zo g(x) Tz h(x) ‘ M
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WA T D Y QH i L Hospital 2eI 550 M A5 0

w 1) _ o @)
ot glE) e gla)
CEHOHE R 2R IR Y — B o 0 A IEST N BT, LA 2

sinz ~tanz ~In(l+z) ~e* — 1~ z,
72
1 —cosx ~ 5 14+2z)* -1~ ax,
, z3 , 3
tanx —sinz ~ o Tr—sine ~ —.

6
>IR3 3.4

1. iX45 H Cauchy H{EE#E M) JLIaT ¢,

2. KBATEA XA [—1,1] I Cauchy H{EEHEXREL f(z) = 2* M g(z) = 2® FAR
1EH.

3. b>a>0, RE f(z) 7€ [a,b] LIEEE, £ (a,b) WATHL, KIE: F7E € € (a,b), f#5
26(f(b) — f(a)) = (b* — a®)f'(€).

4. ¥ f(z) 7€ [a,b] LiEELE (ab > 0), 7E (a,b) LA KIE: 7€ € € (a,b), ff

21O -8 - fer— e

5. KT HIHRBR.
V1 — {1 e
) tim VTEOE= VIIBE (1 1 YR, 0, 8 HIH)
(2) lim (bt i) 1‘2(”"‘”) (m,n % EA%);
>+ —2 . T —arcsing
(3) In —~17x2 -3z +2’ (4) il—% sin® z
x el
(5) lim = 1; (6) lim Ll (o AERLEE);
z—0 SInx z—0 x
2
e 2’ . (a+z)" —a”
") 1m ® tim T (a0
1 z? cos 1
(9) lim xsin —; (10) lim L.
z—0 T z—0 tanzx
1 1 ¢
(11) :h-rﬂ) (arctanzx - :1:_2) : (12) xl_lj’{l_ Inzln(l — z);
1/x 1/
(13) lim (tanz)**~ ™ (14) rr%)((l +:) ) :
:r—-'a%A r—
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n
In(l1 —z)+tan -z 3\2
(15) lim 2 . (16) lim (ar"s'fI )
z—1 cot z z—0 (1 — cos z)(e*® — 1) tan?
1/x 2
(17) lim (ln(1+$)) . (18) lim a.rc.:tan.r . (2_ > );
W8 x z—0 /1 + rsinz — \/cosz e”—1

k
(19) lim — (n HARE, a>1,k>0);

n—oo 4
(20) lim % (n WIERH, k > 0).
6. ¥ f(z) fEXE [0,a] LA ZBrZELSE, f/(0) =1, f/(0) # 0, H 0 < f(z) <
z € (0,a). &
Tnt1 = f(zn), =1 €(0,a).
(1) 3RIE: {z,} WK AR IR,
(2) iR {nz,} BEWRH? ZUEL, WRHEARE.

AR A A FBAR AL 5 BT IT sR RO FELE M I3, 0 R S50 B 1A 1
AR IEIRE, PRECA M | £ s LA R 220 i RS0 P (25 ) R A bl 055 ) AL

3.5.1 EHHRFESRE

YE R EEIR EREN A, RITA

EIE 3.23 X f(z) ERE I L& £ T AIFTH, wRaF T A&
— % z, H f(z) 2 0(f'(z) > 0), R4 f(z) £ 1 ER () $iAMEH, Rt ]
R E—5 o, H f(z) <O(f(z) <0), A2 f(z) £ I L2 (FH) LR

ERR  FEE f(z) > 0 WIRTE (f'(z) < 0 BUTBIE AT RALERH). % 21,20 /&
I PAEEPIAE, HH 21 < oo, EBMFMHRN, BB f 7 (21, 20] LELE &
(z1, o) WAL S PEEBRH, FE—F € € (z1,22), [H15

f(z2) — f(z1) = f'(€) (w2 — 21).

B F(€) 20, iz —x1 >0, FrLA f(z2) — f(z1) 20, ATTT f ZHRAERY. O
ML EF (E 3.13), B0 f BIEERAI#TZR, ﬂu%&ﬂﬂ%tﬂl—ri (z, f(z))

AEOIL I FIERATRIER) (BIYIERS = BHIEMBRMAIELE 0 < a < ) U Hh 2% 2

LS MK EE— (z, f(x) ALTTRBFFRER T ( <a<m),
&2 TREEE. Fit, €3 3.24 %&TEM&’E&{EE@—AMIFFA;&FHB’J#MU%
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Y

& 3.13

I 3.24 B fo) £RNE T EHEN, zo AKX T AeH— 5, B f(z)
P xo E4

1° R f(z) £ xo ERHEANRIEAR (BP2FEA 6> 0, £ (20 — 6,20) W),
A fl(x) >0, Ml xg EBEANARRA (BPRHEAS & >0, £ (zo, 20+ 6) R),
A f(z) <0, AL zog A—ARFMKALE.

2° R f(z) &£ xo EAKEANRRA, A f'(z) <0, Ml oo 9ELENR
A, A f(z) >0, AL zg A—AFERAIMEE.

3° e RE xg EANENRAALERGEANAREA, f/(z) GFFTAAR, R4

VERERE 3.24 BY— N EIESR, FoRIES R EHE—> M X a)_H YRR fE | fx
/IMEL, AT SESR H RS X [1] DA RO ARLAR., - L5 o B E S R (B A B AR T A
Uit s PRI, BS54z pRASCA mT BEAE AT IXC 1] (1 0 s TR B K | S5/ (]
3.14).

&l 3.14

Z I, FATVAGE 1T WA H R B (—Br) SR RAERIE R, HIW g B B
{149 L] DX [B) AR AEL AR, [RIRtLE 4R 1 BRI — 1 BEAR 4G . (R B4 7R iR %Y
P& ) SE AR T T, AT EOR B T eR B B 8. PR ER (EEE AT
SERGUERR ) 58 HA ANy FH - Fr S RO s b B AR, HoABE TR — - it
G BRECHE BT A N B B e e

EE 3.25 R FE f(x) £AEE I ATH, 20 £ f(z) 69—ABEE, B
fl(zo) = 0. & f(z) &£ z0 AHFH, £ f(x0) <0, U zo ZRIEHHEX
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5.5 & ["(x0) > 0, W zo A FFL AP IMEE.

Bl 3.5.1 MY 0< < g A %T < sin,

R B () = T, BAER (03] brgsms WEhE (0,7)
W, B

CosT

f(z) =

= (z —tanz) < 0,

ERENY 0<z < g if, cosz > 0, tanz > = (WEIHE 1.37), 8 f(z) 1E (o, g]
TR TR, BTAR @ € (0,5, A

0425 5(3)-2

T

Bl 3.5.2 SREREL f(z) = e (x € (—00, +00)) B X [A] SHRAAE.

BB f(z) = —2ae " FFLUES R 2 =0. 4 2 € (—00,0) B, f/(z) > 0, B}
BRBLE I X ] b P BRI 2 2 € (0, +00) B, /() < 0, B BRELE X ] | ™
M. = 0 KB R(E S, HERCKIER £(0) = 1.

Bl 3.5.3 SKEH f(z) = 23 — 322 — 9z + 5 FEX[H] [—4,4] FHRAE S5
/IMH.

& DR, f(z) FEXE (—4,4) AT, H

f'(z) =32 — 6z —9=3(z+ 1)(z — 3)

4, f(z) BBEEN 21 = 1,20 = 3. A f(=1) =10, f(3) = —22, MAE X 8] )5 5,
Ab, f(—4) = —71, f(4) = —15, HLEXEAFRR/PATHIREL f(z) FEHES 2 = -1
REERE B KAR 10, 7E0 8 « = —4 JERB| R/ ME 71

#1354 Hx>00<a>1,uH2°—ar<l-—o.

iR 2 f(z) = 2% —az,z > 0, W] f'(z2) = a(z*! = 1), FTLARRELHE
M-S z=1 AR O<a<l, TAH O0< oz < 1 B, fi(z) > 0; T4
x> 10, fl(z) < 0. WEREBFAE =z = 1 KBEANXE =z > 0 FAYRKMHE, B
flx) < f(1)=1—a XA = >0 oL, HEIEFESR.

%l 3.5.5 RIEAEEL RE—& P, iz 5HAINHIEHE A B
(A B 2 A R /).

fR USRI SR BRI, R4 P A BR R L 5LEL AB I
A, LA A F1 B 16 HZ& ) [a]—).

WA ENES R « B, A S v 3L (B 3.15), 2658 A0, h), B S AR
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& 3.15

M Bla,b), TR G ARV R P(x,0). MR4ESHZR, AR AR

|AP|+ |PB| = Va2 + k2 + \/(z — a)? + b2 = f(a)

g/ IME. A

B x N T—a
V2 +h2 Sz —a)2 + b2

sty B
V@R (@ —a)Z + 523

f'(=)

FRE f(x) = 0 BRI 2
a—x

I
Vaz+h2 Sz —a)2+ b2

R 2R F

cos« = cos [3,

Hrp o fl g 35— EZLEB AP #l BP 5 = Bif9BiIeM. Wi, 24 P AR
L TRIZEAFE, HAAR 2 R f/(z) = 0, XA f7(z) > 0, FTLLRME—IIBR/
{Esi, FRR/MER (FREIEPI MR A oo BT IT).

XA RV RIS E A Fermat B IR [R]FHA HEH VIR, BDEL
TEBE I LRSS T AS A

3.5.2 HRERMEME S

AR R ) — B BT R AE (5 8., FAT AT R ek KA 4 s ) X (1] A R
WALV R, MeREEIOR, B4R T BT TR RERIE 4.

SR, —Br ROV AL AE R, 998 HOE—A K. BlnfF R th 2k i b7t
(FRE), IrCHA R, phe iy iR WA 255, Pt FR0TE 7240 B ek 4K
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B S8, MR BRI AR e R (thEk) BT . s Al R
S

WAEHARIRR Oxy P, A—FKMZ L, EBGZHZE ERIPR, IR E X
P My, My BIHZR My My SORALTRMERAY BT (FO), WIFRIZHiZE ey (1M
(), X B < b5 8 R BiEE y BIRVIEDT M —EEii R (E 3.16, B 3.17).

y

y

|
|
|
|
|
|
| | |
| | |
| | |
0 7 T+ To )
2
& 3.16 & 3.17

WML L BRE f(o)(x € T) FIEHR, WIghZRMeg (MAY), BLAR k%R
flz) BXE I _EAMNeRE (M), HEE, R RE f(o) F£XE I _ERMH,
W —f(z) ZEX (A T _ERMAE. FHitk, FA1RFTiITE R M.

XM REL f(z) UREFRRBNEIE L, £ L AP My(2y, f(x1))
N My(za, f(22))(RIIE 21 < 22), EHX PR EE TR

N f(z2) — f(1)

I3 — I
HRYE ER R LR, ZELAERZ L ) ET7, B2 FAIASE
L@ = @)

Iy — I

y=g(x) = f(z1)

(x —z1), =€ [T1,22]

fz) < f(z1)

= :El), T E [.1:1,:1:2]

Xt I PEEEPIS 21,20 BOL. BT o 5 2o ZBIEUEME = ATRAN « =
az + (1 —a)za,a € (0,1). ¥ FNHHY o K 2 = az; + (1 — @)z, FIRAREK
FhT
f(z) = flazy + (1 — a)z) < af(z1) + (1 — o) f(z2).
R TR AT 128t T
ENX 3.26 & f(z) ZXME] I _EAIRE, WRIELS T PP 21, 22, AT
HFEac(0,1)F

flamy + (1 — a)ry) < af (21) + (1 — @) f(22),
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AR AFReREL f (o) ZDCTE] T _ER B, 2 EAESUCH “<” B, B8R f(2)
ARSI Y.

5 3.5.6 KUEMREL f(2) = 2% 7E (—o0, +00) MR

ERR M TEEMPS 21,20 AKX 2 = az) + (1 — a)ze,a € (0,1), B

(azy + (1 — 01)1172)2 = aza:? +2a(l — a)z1ze + (1 — a)z:;cg,
Fir LA
(az1 + (1 — @)x2)? — (ax? + (1 — @)z2) = —a(l — a)(z; — x2)? < 0,

BY f(z) = 2 BIX[E] (—oo, +00) Y™ EREL.

EIE RAEE\E 1 < 1 URANTZAH zo(z1 < T < m3), 1% 45
B FFT ML, MALERE [2,20) EFEFERL L2 H, wRA— 5
Mo (o, f(zo)) 12 TEHE My (21, f(21)), Mo(2o, f(22)) ¥9FIE& M, My £, T Fdk
flo) RTHMEARNE [z,20] LHEE MM, 24 F4 (ARZ—RAK). T
N, beBIE ) € (21,22), BAF M{(zh, f(zp)) 42T MiMy T, RGi& x) < xo,
Frvd Bl & M{M, 42 F 5% M, M, &9 F 7, Z#t 58 M, &£ T3 & MM, #9 £
7. X5 REE LT . #lheT 5] R

z%, x>0,
o=
AR AEREGEAR—FHE, BHRE L EADE LT, B, 5
BEZFHHMET, SEBLRBFRES Y 5 «BRDY,
WRIEE X, A TFHER.
EIE 3.27 R f(z) ARXME I E&GSHFE, 4 BARXY AT 11,20 €
Ioy < a9, ABAEMT z e, oy <z <32 A
f@) = f(a1) _ [(22) = fz1) _ flz2) = f(=)

~
T = Ty T2 — I 2 — X

UERR  WEPE. 4

o9 — T €I — I
o= 1—a=
T2 — I T2 — I
il
r=ar; + (1 — a)rs
HY f B9, AT

flz) <af(@1) + (1 - a)f(z2).
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93 PR PRI F

¥ f(z) TR f(2) = af(@) + (1 — o) f(z) FAUA L, BHG
f(z) — f(r1) < f(x2) —f(l")_

T — & g — T
FIHA
a ate ¢
b~ b+d d
H a, b, e, d i
a _c
Ega, b>0, d>0,
JFHL
a= f(z) = f(z1), c= f(z2)— f(2),
b=xz—-x, d=x3—=,
B 5E RS EE A UE B .

e, FE PR ANE AL, Wi ASE
f(@) = f(z1)  f(=2) — f(2)

T — I To— X

e
f(z) < af(z1) + (1 - a)f(z2),

H 2 = az; + (1 — a)zo, B = BHEENE, 53] o BMEEM, H o€ (0,1), LA
PREL f(z) M. O

SER 3.27 ML E ST iE2E, sRECR M RERMRAMERER 2, <z <
xo, MIZR =27 FIZk M M, M, My LA K MM, WIRPRKIRIE. F12 Fk BRIE
BT, I DIZAREER (RN R S80) N s a3, i 2 i) 5 pR 25 R i
WA MER B R EEER. HILE

EFE 3.28 & f(z) ARE I bk R

1° ZFEBAE T RERTHE, M f(z) 48 T L2 (%) Ldd, S HAME LS5
o fl(x) £ T A () LA

2° ZERHAE T ABRHTH, 0 f(z) £ 1 L2 O R SHRASE T A
() >0 (mPERLGAEEMHR () >0 LEAEMFRERLREAL) .

IERR  XH HGIER 10, HABTIERA BB 4h i .

B AT 21,20 € Iy < @9, X 21 < o < @0, N HEHM 3.27 PHE—
IAREX,

f(z) = flz1)  flz2) = fla1)

r— I Ir9 — I
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AR EATL, & v — o 15
< f(w2) — f(l'l).

f,(xl) = T — &1

[FIHE XF 2y < 2/ < @0, NFHER 3.27 PHE _MA%ER, B
f@e) = f(z1) _ flz2) = f(2)

= /
2 — I Io — &

]

Lo -z, 8 |
f(Iji :ifrl) < f(z2).
Fﬁ’l«l f’(.’II1) < f'(.’lfz)- *EE Ir1,IT2 E"]’Hﬁ%&, d‘é%&ﬁiﬁé
FEortE. MMEEM 21 < z < 2o, B EEIRH, F7E € € (21,2),n €
(z,z2), {17

J@) = @) ey ) = @)

T— T To — T = I'(n).
R f(z) B, H ¢ <z <n, FRLL £1(€) < f'(n), B
f(z) — f(x1) & flz2) —f(if).

& —& - s — &

RYEER 3.27, AT FIREL f(x) RMMEREL

TS PR — B BT R A B TR AL R 45 B O

BAEME—NF f(z) = 23,2 € (—o00,+00), WNE 3.18 flT7x. A f/(2) =
6z, AHEFR HAEXE] (—00,0) L, f(z) < 0, FHILREALE (—o0,0] LREMAY; Wi
FEIX[E] (0,+00) L, f"(z) > 0, BFUILHREAE [0, +00) LEMAY. HHEAEDL, AL
flz) = 2% 76 = = 0 FIPEMIA Y P EAR . B9R, @ = 0 il e [N 6] ™ B 23 L,
o AT DA 502 i 2RI T % T PR A B s — M, Fefi1E X

EX 3.29 & y=f(z) FEEEH xo WX LEZE, MRE z0 & flo) B
M MR R —AN e 58, WIBR 2 JEPREX f(z) B— 4005 (ERFRHIE: 5. At
WFR R BRI AL (2o, f(xo)) SEMNZR 4555

RALTECH 0.

ey ) B —A 5 A A, BRI GO ). RIEE R 3.28 FlEH 3.23, Ff]
H

EIE 3.30 & f(z) &£ z0 HE:, £ oo WL (REA z0) TH. wRAE 20
W EMEARE I (20— 6,20) B f/(x) PAEPE (RK), PE 2o WEMEANE
8] (zo,20 +6) A f'(x) AR (H¥), AL zo £ flz) 69355,
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Y
y=a3

|
! |
L

T
O / 331 Ty

& 3.18 & 3.19

EE 3.31 X f(z) £ xS, E g WL (REL zg) =M TF. R
Foxo BAEMEANRE (20— 5,20) B f'(z) > 0(< 0), Ml zo B9 AEMEANK
(To,x0 +06) A f'(x) <0(>0), A4 29 £ f(z) IHE. FANE f(z) £ a9 &H
ZF R, 3o A LBFZMZ 7 (x) = 0.

DOFE, FATE L pRE B 8L, T BRE SR — AR .
B RREE— S I R HCNE, RARFIW S B SR, B S A — B S A0
SRR, (HZr RECAE W SRR S B F R f(x) = 2*, AXERH
F0) =0, [BRR = = 0 NEREIA.

BRI R T T X T RS R M 4R PR A T 2 FE B, RERIE XS
HA—prA B 2800 R, H- T eR BRI L T s B B TR B L AR fE A5 L
ML KB s 5 B, A B TIRA T NG o e 1 A% pR B A A2 B 0 AR b T AR TR Y
e flan, HE—AE AR s, HEahuliE— R ELE. X4
HE WA B s sh ) B R, WSR2 8w B e 1 ) B R 55 155 ) ) O 2R
E— TR ¢ = 2(t), 7E Ote BZ V10 b, pRECESAY BT FRE, AN E
SR T R s sl A T 2EA LR, R B s sh R inE AsE (WA 3.20).

z (t)

&

&l 3.20

Btk AE R SN, FAR RGBT RIER, AR A R L.
— MR, XA R AT T SRR
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1° W PR S SUIER, & H pR A (e B A

2° iy PRI 75 B 27 (8 Ml 4

3° T RS B DX B SR (R A

4° T E PRERATY | 111X 8] A4 4.

5° WE PRELIHNIAZ (S5 200 1.3 % 14 ).

Bl 3.5.7 WEMREL f(z) = e MIEURAE (—oo, +o00) HITEZ.

iR SR R R (BT L R B R A TS R ).
S

fl(z) = —2ze™®",  f"(z)=2(22° — 1) ",

FTLLY = < 0 B, f/(x) > 0, sRECEHIFBIEA; 24 « > 0 B, f/(z) < 0, PREUE

SEMY: TR o — O (7/(0) = 0) JEMAHLEL T /() = 0 HIMRE o = 2,

AR Er .
V2 V2 "
FE X [A] B W, f7(x) < 0, FPREFE H b VI
FE X [H] (—oo,-—?) AR (?,'FOO) i, f(z) > 0, BRETEX AN X

LR TR, FR B SRR AR - = i§ AR B

SO £ 7 T TRk, ZERRA o — _‘/75 1, BRACE ST, EA ¢ = ? i,

PRI F 172 Y.
AR L, K b RS RS B — S

J=-aleleed] - Jenlz]e
2 2 2 2 2 2

f'(z) - - + 0 = = -~
f (=) i 0 - - = 0 5
f(z) k] P Ll W RAE AR 4] £ 1= i

XA Jim. e~ =0, 1 = WRHML K —ETEL (B SM%A HA R
HTILLK).

RYE L AR R, ST LATE Oxy 1 22 R B0 B (B 3.21). i
G, R f(2) = e TEMDRICFBING b 2 — N EW AR R, B—
FhFR R “IERMG (80 Gauss (HEHT) 7040)” TR EIE .
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2
2

A 3.21 -

3.5.3 FHHZRHEE

X Oxy V1 EHIHIZE L Z2pRE y = f(z) WEMR. E—/piiid thZeny &)
2 . PRE SRR, SR IE A, BFgE TR L B MR s, B
kR AR i 5 1) AN S I B2 Hh AR, Bl 2k i il 2.

npE 3.22 Fros, WHhZ L M A 583 B &, VIR Ttz % 17—
AR (ME) Ap, WERICHZE A A 5B B SRR E A As, Wl 12
HIFREERT LA A F1 As KZIHE. ZTF H, MW EIE IS S AT, Y12k
A RED MR K (F 3.23) ; MMBORKA YL ah M BEA SR, I
HE/NEEIMERERK (K 3.24).

/4 Ay

B

Ap

& 3.22 & 3.23

L, TR AR Ap B As EPIARIOHE 37 R ZBAL AB 19T
ISR, T RAE— A A A HIRRRE, iEA B IR L B

A, BT A, I 27 RSB I A SHSHEE. R Jn 2F o
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Ap

& 3.24

lim 22 ok, SRR E SO MAE A REJEE, ICHN k= k(A).

As—0 As

T HRZ G, ¥R RS R IMTARITRE. s mAEEfES
— [ AT T pR R B R 2R ) i R A

1° HERE y = f(x),x € [a,b] FRRIRIZE .

T, 4k L A F1 B BARERA A2 (o, f(2)) A (z+ Az, f(z+Az))
(d 3.25).

Al 3.25

MEMNES (a,f(a)) FUEES (o, f(2) BIKIEHN s = s(z), I
(z, f(z)) AILRIEM S =z BIERERMICH alz), MXTRF « MBER Ar,
M AIE R R As = s(z+ Az) — s(z), KAMEEN Aa = a(z + Az) — a(z). B
MR HIK A E T LLEIT S B(z + Az, f(z + Az)) 558 A(z, f(z)) Z[EH)
E AN

As = s(z + Az) — s(x) = /(Az)? + (f(z + Az) — f(z))?,
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Fir A
v 1. Slz+Az) —s(z)
i) = Alfﬂo Az
3 ) — 2
= lim_ vV (Az) +(f(ZZA- ) — f=@)? _ VIt ).
e i

Aa = arctan f'(z + Az) — arctan f'(z),

lim s G
Az—0 Az 1+ f2%(x)’

A« .
w=n(d) = lim == lm (E/ 5)
f"(x)
1+ f2(x)**
MM, PREL vy = f(z) ITFRARBIRhZR L f£—53 (x, f(x)) 2B R
ez
D= T @)

M BB AXIRNTE W, bRy = f(x) B—BrA —FrS8, Z20m 7 R &
RHIHTZR B AR RS — R B] FRR AR f(2) = ax + b, X B a, b RHE,
SR ETEE T — SRR AT, HEMRE AT

A 20 T 2R p A AR, S50 b ERRT S R0 1 2R i
Jrim (R M), BIY s(z) > 0 B, f(z) > 0, ILHZRNE), ES
B oo @3N, dhZ R m e A Y R E T 38 A I IE [, 3X
HEE CRRE MY BIHKR); Y k< 0 B, thZREMA. DEMARFRRER |k
%\ 1],

2° HEBEHTE = = p(t),y = ¥(t), t € o, 8] FnBIHZ AR,

XEBE (Q(t), (1) £ 0, Wl ' (t) 5 ' (t) AFEEHR 0, H ©/'(t),4/(t)
HELE (XFERIHEFR NV IEN B ER), AR o/ (t) # 0, B phZR7E R T DA Al
y=f(z). M

’ _ﬂt_)_ "(p) =

ASHERT Hh i Z AR AT ] — Bl 2

P9 - v (e
=+

PI(t)' () — ¥ ()" (t)
(¥'(£))?
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HHr o2(t) +9™(t) #0.
Bl 3.5.8 HEHWL y= Soa? W
& Ay =ax,y" =a, LA
. a
o (1 4 a2x2)3/2°
Moa>0 K FEIFOmE), MLRMA. XM e <0 B GFAMT), LM
(). 75 z = 0 &b |k| IRBIRAME, it B 7E TS 2 thigHn &,
%l 3.5.9 HEH#ER

K

r =acost, y=bsint, te€[0,2n]

AR — .
g HR ¢'(t) = —asint, ¢’ (t) = —acost, ¢'(t) = beost,y"(t) = —bsint,

RALENAT 15 g
a

" (a2sin® t 4+ b2 cos? )3/2°
502 o = b= R B, FEEBIEECERN R WBRIMSH R, MR EE—A
i8] B

1
K= —,

R

A 25 B 5 PRI b K, TS HRREE AL/ IR, SRR
513k p = — BOLIAAE— R RS, N L0IT 0T, B

K|

R B R
R/ 3.5

1. #EBH (Jensen (ZEFF) A%R): #F f(z) X I ERMOEREL 21, 20 & T H n 8,
MFHEERE a1+ +an =1 ER a1, ,an, B

flaizi + -+ + ann) < a1 f(@1) + -+ + anf(zn).

2. B z1,22, @ F A1, Az, A BRIER, H M+ X0+ -+ A = 1, BB HAF
K

:1:}\‘:1:32 . -zﬁ" < AiT1+A2x2+ -+ AnTa.
KL B\ = Ag == An = % N B A TR R LR

Ty +Ta+---+2Tn
" .

(#2755 : ZEK[E] (0,4+00) LAIREL f(z) = —Ina BIGMME, HFIH Jensen A%EK.)

"$1$2...$ﬂg‘
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3. % abedii % < g Hi b>0,d> 0, EHA%R

a a-+c C

b " b+d " d
4. & f(z) RXIE I _EEMN R, TEM: f(z) 78 T BN SRS
5. WeREL f(z) FEX[E I FAERT T, HER TAHABRANSZHN, ¥H f/(z) > 0, iEH: f(z) 7
I FROE. BABRT —f, #5206 MRk plgsie.
6. BXPREL f(z) TEX[E] I A EZEN) -8 3 2o & f(z) B— 048, IEB: £ (z0) = 0.
7. WERE f(z) TEAL zo BHMHEZB AT, B f’(20) = 0. & f"(z0) FHEEANE, IE
A To = f(m) B"Jﬁ‘ﬁ
8. K FHpRELAYM | X 8] #1455

(1) y = 22° — 322 — 36 + 25; (2)y=1;+£;
(8) y=a""%; (4) y = (1 +2?)e™;
(5) y = «* (6) y =z +sinz.

9. 3K a,b fE, & (1,3) WML y = az® + ba® M35
10. H#H2: T 5% thZk iy E T

(1) y = z* + 62* — 15z — 20;

3;3

(2) y= m;
(3) y =z — 2arctan z; (4) y = ze™".

11. &R y = f(z) ITERBMERN C. it C E—E M(z,y) HHEN k(k £ 0), 345
M 3L, AE B LI D, 8 [DM| = = = p. BL D WL p
AERER, B AMETES M A RE, HE.C D FROVIMEES M AR
Huly, 28R p FROAMIZRTE S M AL R RS,

SR P LRAESE E SR 3R | fh R D R R ER.

(1) zy =1 7658 (1,1) 4b; (2) y=e"= FE& (0,1) &b
12. SR P MR 7SR 5 it .
_ 42 B "
(1) x = 3t°, £t =1 &b @ x = cost + tsint, R
y=3t—t> y =sint —tcost R

13. XEhEk vy = Inz EEF— @9t R RN IR Bz S il R
14. X% f(x) BEXAE (—oo,+00) FHEREHA ER, KiE: f(z) BHEE

B eREL f(x) £ zo AIGL, 2
R(x,x0) = f(z) — (f(zo) + f'(z0)(x — 0)),



§3.6 Taylor JBJF 131

1l

im B®%0) _ (f(if) — f(2o) fl(wo)) _o.

T—xo T — Xy T—Ig r — X

Hitk, 78 zo BIMHE, PTLLUH— 1M ETF © — 2o —IREZIR,
Ty(z) = f(zo) + f'(x0)(z — 20)

Y f(z). 2K Ti(z) 5 fz) 7 2 = w0 BAHRIEIE T1(z0) = f(z0) HHH

I VILRER T (20) = f'(z0). TE & = zo WMNE, T1(2) 5 f(z) MiRZE (BFRH

BRI R(z,20) = f(z) — Ti(x) Y = — xg B, B = — 20 EEMIE/NE.
g, R f XA T WA B RE, WX 1 NEER A o f

xo, BT Lagrange H{E & BRAYTERR, #4315 5 B pR 4L

f(z) — Ti(z)

(x — z9)?

g(t) = f(t) = Ta(t) — (t — z0)?,

N g(t) W62
' g(x) = g(x0) =0, ¢'(x0) =0.

FTLAH Lagrange HHEEB AT HIFE zo Fl 2 ZI0], FEFE—R &, (673 o/(&%) =0, 7E
o Ml zg ZIBIFFTE— AL &, 18718 ¢7(€) =0, B

1" _em N f(z) = T1i(x) -
"€ = () —2- 2 ~o.
FRAART R(z, zo) BEFA A
R(z,20) = f(z) - Ta(z) = T3 2 — 2o,

I X AR, AT LM eREE f (o) R T EA—KETK T(2) Z
(6] AR 2

3.6.1 Taylor 2=

HARF BB HE R n IRETX T, (z) 7 © = zo MHEFEIER f(z),
HiRZ, BRI Ry (2, 20) = f(z) — To(z) 7€  — 0 B, & (2 —20)" BB TETF
/NEE, FFRESE— XA R, (z, xo) YEHBEHAIMET.

BN, AR ZITREEBTE v — zo RS f(o) MEMER? 8#
BEANSRAE —A n IRETR, T, (2), 76 2 — zo RS f(z) BEFHERL, dnfeH
E BRI ag, a1, ,a,7 NI

Tn(z) = ag+ a1(x — x9) + -+ - + an(z — x0)",
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3 E PR REHMOE

Hrp RErE, HREE f(2) 1 zo MISRIR (20 — 6,20 +6) W n Bral . 2R
f(l') L:J Tn(w) ﬁ%”e%i’u r— Iy BTJ‘%HS (SL' = xo)n E%Fﬁ%%%f‘l\%, ll

f(z) = Ta(z) + o((z — 20)"), T — o,
A2 50H

. f(@) —Talz) _ .. of(z—=z0)")
s g [E=gaP

CACAE A A s R BCE BNk, 2 k=0 BFA

lim (f(z) — Tn(z)) =0,

T—Tn

=0, k=01,---,n.

FH e
ag = Tn(z0) = f(z0)-
2 k=1 B, FIFH L'Hospital $£NIH

(= lim f(-'E) - Tn(w) = limo(f'(m) - TT';'(.’E)) - f’($0) o :1174'1(:60)1

r—Iq Tr— _’I,'O —T
Py REE

a1 = T;,(z0) = f'(x0).
MPEMEEN k,1<k<n-1,FH

(k=1) (. (k—1) (4
ap = Tn(-’Eo) = f(Zo), - ,Qk—1 = Tr(lk — g)!O) = f(k — (1)?),
ALY z — zo B, BB f(x) — To(x) LA k-1 IS8 £ () -
Ty(f)(m),l <i<k—1ERIT /M, FHLAlELEH L'Hospital M, 15

o f@ =Tl .. (fP(z) - T (2))
0= J:ll~r£:10 (x —zo)* 21—1930 k! ’

1]
T (wo) _ F*) (o)
=" -
Wk =n B, HEAR fo () 7 2o TSHEX, #5 XX £ =n HWEGE.
Zi, BRITELKIEHTHE f(z) = Tu(z) +o((z — z0)"), z — zo BIZTX HEEZE
R
f'(zo)

Tn(x) = f(zo) + T

R EARH R f(z) TE— R A& FEHHE N ZT T, (z) HeRE f(z) TEA xo
AbHY n YK Taylor ZINK.

(x—x0)+- + f(”:l(':cg) (z — z0)™.
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EE 3.32 &FH f(x) £ o AR (20 — 6,20 + ) A n B TF, N
B f(r) BELEE g &% n R Taylor 3K T,(x) AR E (FFRM)
Ro(z) = f(x) = Talz) & o > 20 HA (z—z0)" EHHALFIE, BF

Em Rn(a:) lim f(.?:) - Tn(x)

gz (T —2g)® 2—z0 (T — o)? ke
XxFH, Bz -z B, A
(n) (g
£(&) = Flao) + L8z —ag) -4 L) oy o — o)),

EXAAA B f(z) £E 2o &89 Peano (AL ) £ Taylor 2.
FEA, WRPREYL f(2) 7€ = = 0 WISBELNA »n B8, EHE 3.32 FHL 20 =0,
M| Taylor 2+ A

(n)
f@) = 50 + Lo 44 L
FFRZ HeREL f(z) B9 n IKEA Peano &TifY) Maclaurin (ERFH M) 23X (5K
ETFR).

3.6.2 RMPFREMIT

EH 3.32 A —E R RIBRME, BRI T Y 2 — zo B pREHER. KATHE—
A BREE X RIA — BRI, MAUGE TN « — zo B,
HMCFRATINSR A, Bl f(o) ERENXEEAEZ n+1 Brid 8. &i14

EE 3.33 HEH fo) ERE I AA n+ 1 HFH, ac oz 2 1 PEE
B5, To(z) & f £ zo &89 n R Taylor $AX, WE ¢ F= o9 ZEHFE /N
€, 17

f(z) = Tn(z) + Rn(z)

FHRA R,(z) LA FHHX:

FH(E)

Bu(®) = 09

(x — :1:0)"+1,

RAEBL fz) TRARTR

f'(xo)
1!

7™ (z0) f(n“)(ﬁ)

n! (2 —2a)" + (n+1)! (@
R, (z) #& # Lagrange &, M L@ X NAX AR A BLA Lagrange £ %9 Taylor 2
.

f(z) = f(xo) +

(x — o) + -+ sl

— z0)
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H3E BPARRBIRE

UERA B R RN T
g(t) = f(t) = Ta(t) -
BIR, g(t) F n+1 Brel, HELE
g(zo) = g(z) =0, ¢™(z0) = f®)(20) — TV (20) =0, k=1,2,---,n.

WIEH TP EER, FFENT = 1 2o ZEBE &, 15 ¢/(6) =0, BB
1 g'(zo) = 0, SREEXT ¢/ (¢) & T P EE B, TR T o A & Z[BIEL
o, 15 g"(&2) = 0. WNBLEHE, 7F &, T xo Z[8) CHRWAE = M 2o Z[A), 71
— AK€, 78 gt (6) = 0. TEED TV (1) = 0, FFLL

f(z) — Tu(z)

+1
ooyt E—z) T, tel

5 o f(z) — Ta(z)
g"(E) = 14D - (n+ B <0,
) (n+1)
n+
f(z) =T,(z) + f(nTl()&')(x — ag) O
A € BT o Al 2o —EL, FrLART RN AR
E=xo+0(x—xp), 0<O<]1,
it Lagrange &R R, (z) A &Y
Rn(l‘) o f(n+1) (&) (17 o mo)n+1 — f{n+1)($0 + 6(1‘ — .’EU)) (1: - 3:0)"""1_

T (n4 1) (n+1)!

L, RIEARBPTE, Taylor AR R, (z) AZHARBFREER.
5 5 RS H— 1 BaE B #RE.

FIETELEESR], 2 n =0 i, EH 3.33 SLEPKIH) Lagrange PEEF. K
e 3.33 45 R AT E A Lagrange F{EE FRVIHHE)

F— M, TR ESRE, E— TS o &b (BD f'(z0) = 0), R F
B (wo) # 0, WARYE —Fr FEAE zo BIESLT, HERTRETE oo ALEE|H/ME
sl KAE. H2Y 7 (x0) = 0 B, o BRIESEHABBIE ST EEHEE (B
WXF f(z) =2, EHS 2 =0 &b, &R £7(0) = 0, (HERR/IMES. MXTF
f(z) = 23, TN 5EEARR, BRFERH 2 = 0 25 S, MERSESR 7(0)=0,H
B ox =0 AEWAES). Pl Taylor BIFIRATAT LALS H—MebE ) 7243 2844 % a0
JERREL f(z) BB (BP f/(z0) = 0), MER f(z) FEIZGEASALH) Taylor JEFF,

" (n) (n+1)
f(z) = Flzo) = f go) f n(!mo) (& —z0)™ + f(n - 1()51)

(x—x0)*+---+ o).

(x—=z
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X, [AlE RO EE EXABASE — N EETUR « — 2o BIMBIKEL A KA.
Xf FARIKRE, zo BRAE, 761 S B KA SRR/ ME B T X — I A4 R B0
TZEIE. X TFARRE, o NEWAES. EZE AL T UER (A5 28k
5 11 8).

XFF Taylor BRIFB IR LI FHIBAN RS, B EEE—
xo MHE, PREL f(x) SEM Taylor I T, (z) ZBIAIRZEME n HE K
BN, TH. fz) — Ta(x) 76 zo b EHZE n Br-FEEAE, B f(20) — Tn(zo) = 0,
F(@o) = Th(xo) = 0, -+, [ (xg) — T\ (wo) = 0, BATIREA VI E LAIHMLA n
Bidefih (G55 158 22 RT LUE SUT MR ECZ 18100 n %), T, (x) Ak
N flz) MBI, BREAEY n =2 0, Tu(o) AREFHIYZE. & 3.26
ERTEE f(z) = e £ = = 0 BRI =RBVIIDL, Wi T ES
“EYT 1A X, Horp

1 1 1
Ti(z) =1+, T2($)=1+:1:+§$2, T3(:c)=1+:r:+§:r:2+§:r3.

x
a
/
/

T3 'Tl

& 3.26

Hit 3.34 BRI f(o) ERE T AFARY n+ 1 Br$a¥, AL
M > 0, 4 |fOt(z) <« M, MARNE I E, f(z) 5EE zo &4 Taylor
% R X Z 8] 6% £ i 2

1£(2) = Tu(@)] = |Ru(=)] € —2

(n+1)!
ZAEFRZE EHEW. B3, 24 n — oo B, F Ru(z) — 0, XESFHK
1175 B R BRI “TEI5IRZ T B Y — o (a7 L DRI

|$ = .'E(}In+1.
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#i 3.35 K I f(x) ARE T AELH n+1 BF38, 0 20 £ fz) 89
r(ir<n) TEE (AL 3.1.6 FETRHY r TEENEL) AT LELEH4T
BhE—ANREK g(x), #4545

f(z) = (x —x0)"g(x), g(xo) # 0.
AR & 2o 42 f(z) B r EE A, FIH Taylor A3, ¥ f(z) 7€ 2 = 2o L&

%
= 8y D IO
= (z — z0)"g(),
Hrp
gla) =L (T)T(!x“) PR (nib(!x“) (z — 20)"" + f((::l)l(f!) (¢ — o)™

WAL gleo) = =) (a0) # 0. 522, AR Leibniz R SHMEIT (R
MR |- REE Tl ] ] L Hospital 3 ISEIER . O

W J2IX ] T — S, Taylor 2A30H—MEFKRIE RS B iR . £ A4
Lagrange R Taylor AzCHEL 20 =0, W] £ = 02,0 < 0 < 1, FHI

(0 (n)(p (n+1) (g
fla) = 10) + 2 )$+---+f—;!(—)x"+—f(n+(l):f)$n+1

HFRAEA Lagrange A Maclaurin A0, T HFRATZH TR E A% A5

FY) Maclaurin 2>=.

e“’—1+:c+x—2+- -+£+
- 2! nl " (n+1)!
2

In(l+2) =2 — % Foet (—1)n-1% + Ra(z) (z>—1),

e&:c

"t (—oc0 <z < 00,0 < 8 < 1).

(_l)nxn+1
(n+1)(1 4 6x)n+1

Hep Ru(z) = 0<0<1).

3 2m—1

SR = e g v e oyt . .
Sinz =z — 5 + -4 (1) (2m_1)!+Rzm(-’L‘) (—o0 < < +00),
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;il:':l B ( B (_l)mm2m+1 :

o () = Gm 1) cosfz (0 <6 < 1).

1:2 ) $2m—2
cosz =1— o + -4 (=)™ @m—2) + Rom—1(z) (—o0 < xz < 4+00),
—1)ym 2m
HY Rop_i1(z) = ( (2)77:; cosfz (0 < <1).
-1
(1+w)a:1+ar+a(a2| )$2.;....+
ala—1)---(a—n+1)

p " + Ry(x) (x> -1),

Hi R, (z) = oo _(:z)+1§? —n) 2"t (14 0z)e "1 (0< 6 < 1).

P — I, Y o B ARBIET, (1+2)* 3LH LA Newton 10
AR

R TR R f(x) TE—rL 2o BY Taylor 2420, JEI F AR H PREE 20 &
I FEAE £ (20), k =0,1,2,--- ,n. {BHBMEREE &S SEEHFAESITE,
PRl AT AR BCECA (6] 432 5 5. X 2L X Taylor Z40FEAE LAY T iR HRf#:

ERE 3.32 MUFEAE LR, tR f™(x0) fR1E, IBATEHT A E, RES
B BT

f(x) =ag+ai(z —xz9) + -+ an(x — z¢)" + o((x — 20)"), = — x9

H =, WE—EMERE f(z) B Taylor 242, YE MRS, FRATHLITE T
B BREHE oo MEFH-FE fP) (20) = klak. FHEIXF Maclaurin 233045 H B4
+-.

) 3.6.1 KPAEL e=" 19 4n YK Maclaurin 2578,

B DAYz — 0B, —2t — 0, FIH e RITHIZEER, K —2t B e
A E z, A

e =14 (-z*) + (_;4)2 - (_;;1)3 S (—:i)n + o((—z*)™)

8 12 n.4n
g ® x (—=1)"x
=1 I+a——3'+"'+ .y

+o(z'), = —0,

_ (=1)k(R)!
=0 n k! '
MPE « = 0 A HALS B SHIIHE. Xk, BHEEETRRE e %
re s m 2.

(e—:r4 )(4k:)
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5 3.6.2 3K cos?z [ 2n K Maclaurin 232X,

fg FH
cos’r = 3 -+ D) cos 2z,
DA cosz B Maclaurin 242, HFEEFY = — 0 B, 22 — 0, fifLA
. 1 1/ (22)° (=)' (2z)*—2 2n—2 )
cos°T = o + o (1 51 + @n—2) + o((2x) )

2 , (=)™ 2n—3_2n-2 In—2
=l ek gy E ol ™), 20,

AR A R B FE T T R BR.

. e—m 2 2
%l 3.6.3 =K 111%
w—l

— COS™ T — X

$4
BOxE— g R ERA] L Hospital B0, T2 B 22 sk
St R FH R Maclaurin 222, H AT T Y],

1
e~ _cos?r — 22 = (1 —z*+ o(z?)) - (1 — 2%+ §~T4 T 0(«’54)) —z°

4
= ——z*+o(z?), —0.

3
Jir LA oK B8 R A
. e=*" _ cos?z — x? 4
P xd T3

EE, HTARE ¢ — 0 B, 21> 4 Bt /e, Fitr1+ REREIFR 4 KH
Al —J5 i, AR R R, AERA RIS /NERAL A R
FeToT5 /N, HAFHGERTCT /INE.

Bl 3.6.4 % f(x) = %, 3K f(z) 7 ¢ = 2 B Taylor 43K

=
i m;%zw_;”:%(ﬂ’;zﬂ) J7E (1+2)~! #) Maclaurin 2

s, 2 Uz, i

1 1 T —2 x—2\"

e~ - 2R

O i ) )
1 -2 a(z—2)"

:§— 53 + o4 (=1) ot + R,

_1n+l __2n+1 [ -9
R (-2 (1+ (z~2)
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Bl 3.6.5 I8 e AYMH, [HIRZEAME 1075,
R fEe WEHLSTH =115

1
e=1+14+m4t=t—m 0<@<L

Gilsn

iju, /\E‘Eﬁ}% n, ﬁ’fﬁ’

(n+1)!
RIRT. B, SORBLXAFAREEE, RFH n = 8, X

1 1
e~1+1—|-2'+ +§~271828

5] 3.6.6 L e = ICHEEL.
MR () W e BAHE, % e=2 H p g BFEH Bn>p H

p
n >3, N
1 1 e’
:——-1 1 — , D<o <l1
e= =ltltg+ o+ 0+

TRA

n'q -n'-l—n‘-l— = -I- -+ E' nle”

p 2! (n+l)

i o BB, FBAARR T, SO TR, Pl T
DRAEL. (I |

0< nle? B e’ - 3 <3<1
(n+1)! n+1 n+l1 4 7

TG, XU e AT HEL

Bl 3.6.7 IXPREL f(x) 7E [0, 1] X[E] EZFral %, HXHERER 2, A [f"(z)] <

M(M R—H80, BANER £(0) = £(1) = 0. FEWREE [0.1] LA |f(@)] < 3

WERE XHEEM = € (0,1), 1 Taylor AL, 5

£O) = f@) - P+ T8a? g e (0,2,

f() = f(2) + f'(2)(1 - z) + f"(ﬁz)

(1-2)2, & e€e(x,1).
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BaE—=NT (1 — ), 55 2k o, SRIFHINE

|f(z)| = @mz(l —xz)+ f ’(&2)1'(1 —x)?| € M:r:(l —x) < M
2 2 2 8
/8 3.6
L. BT eRE) (HA Peano 4201fY) Maclaurin J&FF=L.
(1) y= E?——;—‘Q_Ef‘-—l; (2) sin’z.

2. SR PEEL e 1Y (HAT Peano R&TAY) =B Maclaurin &=,
3. K PREL In(cosz) 1) (BA Peano &Wif)) 7SHr Maclaurin JEFF=L.
4. EA f(z) B—PkEm, JE f(2) = -1, f(2) =0,f(2) =2, f"(2) = —12,

6.

Ts

10.

F®(2) = 24. HE £(-1), £(0), £(1).
K TP RBEA Lagrange RIIHY Taylor A3,
(1) y =tanz 7€ z = 0 I Taylor EIF{;

(2) y= -}B- £ 2 = —1 1 n B Taylor B

KT IR R,
. cosw—e 3"  TrE-Vi-a
(1) iy =22 —, (2) limy - ,
(3) lim [w —2%In (1 + %)] ; (4) lim COS(S“;;:IL; i
TR f(x) M no+ 1 B8 WE: f(z) MREAHE n METH 0 ER

R f) (2) ERE.
BCRREL f(x) 72 [0,2] EZFral S, HAMER =z € [0,2], 1 |f(z)] <1 B |f"(x)| < 1. UE
B: |f(z)] €2,z €[0,2].

n—+1 =
3y @Q 2 Ep — z ! .’Eﬂ‘]ﬁ@ﬁ, X B; ! — H 1 S
Bn b AR, BIBREL [ () {0, J— WE: £/(0) = 0, {5 f"(0) AFF
fE. ($&m: UEM f(z) (NE—H z=00[].)
R, A WRA

fx)=0+0-24+0-22+---40-2" +0o(z"), = —0.

B2 n > 1 B, HARRENRTS F2(0) =02 < k < n). HIk, FHF 3.32 PEIFRM: REHE
B 2o MM n TER, REXEER,
ERER f(z) = {Z_T z# g B o £ 0 hBREEENSE. TV: f(z) %
, %=1,
r = 0 MEEN SHEGE, THBSTE. 5 &% 5RNEAREER, %

c#0B, X n=12--F f™() =e_?17P3n (%), XHE Ps,(t) & t B9 3n IKEM
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11.

3, 300, th S HGE LI L Hospital SE3, (2 y = )
f(z) — £(0)

. . 1
lim —————~ = lim yz = lim =10,
z—0 &I y—oo ¥ 1y —00 2ye'y

Bi f/(0) = 0. BUFE, FRULHIES IS 5 FECE A9 S L Hospital 5 0HIERT.)

A ERE, SHEERBRE n, RE £ 1F 2 = 0 289 n By Taylor ZHi=0E 0; #
IS, RIEEET f(o). Hi, B eRECE — S T PR, B (FEZ ) RS E
By i) i A 0 K LB 7S ok
VRS f(x) TEREAE zo 20BY n MMRESTELE, JFEL

fl(mo) = f'(xo) == f" V(xo) =0, T £ (z0) #0.

TIEBA:
(1) # n AAE, WKL f(x) fEA zo ALTCHAE;
(2) # n FABE WEE f(x) E5 zo B, 24 7 (z0) > 0 B, f(z) T zo
AEBH/IME; 24 f (20) < 0 B, f(x) TERL o REHURKAH.
AR, FrREL f(x) 1E3E S EAEAE AN R AR B 5, U ok T B T
MRAE S, SR, AR, E R AR f 7E = = 0 &b BAREW/IME, (BEA AT HEH
X — 3 531l 5.

Pavay Q

’

>] &l

-w
d

1. % f(z) =z(z+ 1) (x+2)---(x+n), 3K £(0).

. WATPREL f(x) TE (—o00, +00) [ EHA IS T 0 FREL

g(z) =

{M 20

a, x = 0.

(1) H5E o WME, & g(z) 7E (—oo, +00) [iELE.
(2) XT ( ) FF‘EE%EV] a, IEMH: g(x) 7 (—o00, +oo) NI, H 3 pREGESE.
_|_1 ot an =0, B AR ap2x™ + 2"+ +a, =0 1E

(0,1) pt]@/wg B.

. APREL f(x) TE [a,b] LIEEE, TE (a,b) WAITL, H f(a) = f(b) =0, IEBA: FF7E

£ € (a,b), i /(&) + f(§) =

1 f(x) FEXIE] T EESE, WRAES T WA 21,20, B

2 2
UERA: f(x) ZIX[E T A pREL.

f (M) o f@) + flaa)
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10.

11.

12,

13.

14.

15.

16.
17.
18.

19.

W f(x) S 0,1]) BBl AR, £(0) = f(1) = 0. JEMH: fFFE € € (0,1),
i g (e) = 2.
PR f(z) 16 [a,b] F3EZE H f(a) = f(b) =0, f'(a)f'(b) > 0. WEM: 7E

(a,b) WTFTE— €, [HifF f(€) =0.

i f(2) 16 [0,1] EATR, £(0) =1, f(1) = % SRAE: 774E € € (0,1), {75

A&+ f©=o.

R f(z) 1E [a, +00) L _Fialfs, B2 f(a) >0, f'(a) <0, LYz >a
i, f7(x) < 0. UEAEIX[E] (a, +00) K, PREL f(z) 168 —TF A

BEPREX f(z) 1E [a,b] LATHL, f/(x) RGBS, 25 fla) = F(b) = A, JEW: X
BE = € (a,b), B f(z) < A

Bt S (s 0) KW, R f(a) HE (a, +o0) BT, H lim (@) 77

xr
£, ARETRIIE lim f'(z) FEAE. UER: 25 2 X BRAAAE, WIHAR MR .
WRREL f(z) 76 = > 0 BF ZBYAl 6L, B #7(x) <0, £(0) = 0. WEB: XAMTREIESL
xy, 22, A f(xr +22) < f21) + f(22).
R f(z) 76 zo AMFAE B F3L, oK

r f(zo+h) + f(xog — h) — 2f(x0)
e h? '

UER 3 A S
2 3

(1) MEEILEL z, e > 1 +$+:r:_2_ - %—;
2

3
(2) Xafx>0,x—%<1n(1+m)<x—

+Z
35
x

ZL‘S

(3)Xﬂ‘0<x<g,w—€<sinm<m—

(4) SMERETH z,y, B 205" < e + V.

3R Jim (1+%) (1+%) (1+%)

K vm(n=1,2,---) BEKM.

R B @ cos 78 [0, ] 19— ARATAE/ MY LR

WRREL f(z) FEMIX[E] [-1,1] LEA=ESFE B f(-1)=0,f1)=1,

f1(0)=0. iEM: F77F € € (—-1,1), {15 f7(¢) = 3.
Wa>1, BBE f:(0,+00) — (0,400) AIf. SKiE: FFEETILE WIEED)

5

* 120°

o| 8, | 8§,
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{-’I;n.}s 1%15‘
f(zn) < flazn), n=1,2,---.

20. A AL MEBIEY Holder (B5/R78) AR B @i, biy i = 1,2, ;0 2

4 pog BATF 1 IER, H %+ % — 1, A

n n % n Ilf
f=1 i=1 =1

(%ﬁi: Z SR f(z) = zP.)



S 3 T, AR T eRE T80 (L) LA 80 P 2 3 SR L]
B R A — SR SRR s = s(t), R4l K T o] i e i
RIB IR v = o(t) FIEE o = a(t). — P HERBRIEEE: nECmE
ROBEHEE v = o(t) (EUNEEe = a(t)), FERHEHNTE s = s(¢). Fln,
BV A AR IR R ¢ (WD), BETSE7E 5 — I 207% 1A ) o B8 Fn ki v i
5. NEE LE, AR AL PR R R (sl faiE A e, BIsR
— PNRFRE, FEEFHET—IEAEE. XMEARTENEN AL
.

§4.1 AERDEEBRITEIE

4.1.1 ERFEE

EX 4.1 ¥ f(z) BXE I _EAERREL HAAE—DATRE F(x), ff

BEXHE I A
F'(z) = f(z) B dF(z) = f(z)dz,

WFK F(z) A f(z) FEXE] T _EE—4 R4

BHEN, —J7H, F F(z) 2 f(o)(EXE I ) f— NS, W F()
m_E—MERERGIRE f(2) B—EREL 75—, X FRE f(z) X
] I FAEEPAIERE F(z) 1 Fy(z), BETME—EWE F(2) — Fi(z) = 0,
FrRE—HE. Hi, f(z) (FEXIE] 1 L) R pREE SR mT 2R R

F(z)+C

B, B F(e) A f(x) (TEXME I E) 89— BeREL, T C RARER L
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PREL f(z) BJERRBA AW f(x) KIARERS, iclE

[ f@a,

Horfr [ HHENE, f(2) BOUBREY, f(2)ds FRVBRE LR

VR, fERUME / PR B R By, TR, P, M f(z) 1

Ry, MERIHR ARG f(o)ds MARREUY. Faflhy X4l
HHURHE S Ak, Tl HEAE §5.1 tPIELARRE. LB REER ), X —ia et T
KRR (B 32 A T (A,

Pl S ST S, T LA JLAT R s f () BB IAGE: 7E Oy
HRAAFR PR — M y = (o), METE o RETIZAIRY f(z). REHY
KRR f(z) H9— KBRS HEE I y SRR, A T
A FRE RGN, P, R [ f(2)dz FRAE LRARES

HhZei% (i 4.1).
Filtn, R f(z) = = BREREL BER Ozy FHEPXFEMILE y = F(z), B
TES (z, F(x)) AMYIRMFIRIE « KA. X Mg 2k h

y=Fla) = 5o* + O FR, Hh © RATEHB (8 42).

y Y
@ \/ 2
| y=57
f&/ N // 3
| N
O T
Al 4.1 A 4.2

ALmEH, ZoRH f(z) EHER (20,y0) HIBIFHIZR. XIS, $LEHE
R EBEE, EHX MMM REKR. UL f(x) = « A6, IRER—
it (0,1) BFRAEHE, W 1 = F(0) 18 C = 1, FrLAX FRE R 22
y= F{z) = %a:2+1.

WHE, PRI E A C BRMF

y(®o) =yo B Yle=zo = Yo
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RPME S, WA FE A AR R R B R R, FROARIE ] L.

AT E B )8

1° fH2 R0 R EA TR RS (ELE AT AR BB R AR A E R )7

2° 758 3 T, FRATEE BRI R SRR R 55 R L, IBAER T4
HHHEE, — NI R B R R (S RAERY) BB —E R RN )5
PRIE?

3° WR—ApREL f(z) BIEREL B2 BART K f(x) WIJREPREL? sk
TR H R B A E T

RIEE 3.19, 5 RE y = sgn =z BAREER RN — 1 K5 S5, HA
Vi R HoAth s T R AR, A TTREAR 55— 2RI A 0 pREL. Fi DL, AT 1 pR
WA RS FRAVGE T —F e — AN EEE L X[A] L AL R EFEX X
E]_E A PR

KT A SR BIE R B ER. 5 A XFEP SR BN E B
(R PRE) FrAE, AL T s S5 R L. Bilan, a7 AER R 31 E R

/ —a? dz, f—d:r /sm:c T
Inz

JEANRER N )55 sREY.
HE, SRR SREARERD, BAEEEE A E D 2R 055 R
T, ARYE §3.2 P AR, BB N —LRE BRI AE g (H o,
C' HEEEER.

Q) [ 0dz = O

1
&= o — a+1 —
(11)/m d:c-a+1$ +C(a7é 1);

(i) _/amdx = —a*+C (a>0,a£1);
Ina
(iv) /%dm =In|z| +C;

(v) /sinxdm = —cosz + C, fcosa:dm =sinz + C,

/secz:cda: =tanz + C, /cscﬁa:d:c = —cotz + C;

(vi) dx = arcsinz + C = —arccosz + C',

1
V1 —zx?

1
dz = arctanz + C = —arccotz + C”.
1+ 22
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e, FA 14 HASE R O ZEA A o
1°# a HE (a#0), N /a-f a:)da:za-/f(o:)dx.
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AT ANERS

EHE 4.2 & F(u) & f(u) 9—AREBE, u=p(z) TH, 1
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iERA  H—ior e R AN, AR
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EIHE 4.3 REH o= pt) ALY THRIE, B o (t) RIREMA (WA
o BT FRREI o). F GE) £ flet)e(t) 81— R dd, B
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AT R RN ToR 15, ) BB HAR L ¢ — o (o) BB ¢ el
oo, SR T ] fx)de. X BEE R 8 Ak
5] 4.1.4 =R /tan:r.d:r.
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[+ d(1+ 1)
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4.1.6 > d
o K / JeEr1 o
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t t2—-1 t—1 141
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IR A E R A
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BHE=/Mf#t 2 = asect (HP 0<t < ) AT A5, (E AR F O £ )
HoR A,
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1
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#l 4.1.10 i/xmdz, XHE a ZHE, a>0.

R SRREE SN (2] < a, B x # 0. A80] DL = Mok, X
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FRATTHR MR L, A W AH R B R Sl b i 282, WU AZ00R H B RR pRECAE B
SO ERANERY Y (FRATTAGE, EOEAFAE), A RAER 2 7E SO ERAER T
FeA12ZEA 1, LAEBEH].
‘ z? 4+ 1 )
B H 2 # 0 B R T | PRI EREL 22, 75

1 _ 2
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T
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2
HTRE () = T AR SR (~00, +oo) EIIREE F(a), HE
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— arctan ; X 4
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XH C, 0 f5E. BT F(x) 78 . = 0 Ab70ESE, B

lim F(z) = lim F(z)= F(0),
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SEH 319, AR f(2) BIEREL F(z) 76 2 = 0 K922 . GiRER, AT LIRS
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BJ F'(0) = £(0). # f(z) E (—o0, +00) ERIAEHSNT:

' % (arctan;rj/; == g) +C, <0,
r
[ f@yz = ’ -
-1 =
\ f (arctanﬁ 4 5) +C, x>0.
N B T 7 O D) S
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[ L e .
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1 2z —1 1 2z +1
\/_ arctan 73 + 7 arctan W [ #y

(& THIE, X—&7R -5 /0 SR L)

4.1.3 SR

AR TR AR A R LR 2 R B —F 5k, S
PREGR ARl o i
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ay,
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EFE.
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O B EARR N LR /v Al w’ HE—DAERS, ST — AR
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& ICETRIAER A 1, Wi R A=, il

| = l./sinbm v d(e®®) = ¢ sinbx— E_/e““’cosbxdm.
a a a

A AN ER AR A, 18
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a a

i, ®ATH
eaT . b b2
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3 T DPEEE i /A= Wi vk
1 x 2n—1
2na? (z2 + a?)" T na?

asinbx — beosbzx) + C.

dy = I, (n=1,2,---).

(R f I, = = arctan— Al EHRTS 1,.)

1 2nx
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WFEAERHHR, T BUnE S HoTES S, T2 XH
1T |
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& ATl R AR

: 1
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i 2 R B AT BT RS (B 4.1.6), R 1B A
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(5)[:1:\/1 — z%dz; (6)/ 7 +m)d1:
arctan =
0 [ & ® [ L d
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1
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1
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(7)/' l1—Inz da:;
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4. RKTFHNIAER
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5. RSB EESR FIIAER S
(l)[wsinmdx;
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7. RFFIAER I}

1
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1
(3)f—m4 4
(5)/ v — larctanyvz — 1

X
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02 | Sy
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(2)[:1)71'81.(13{,' (n=1,2,---).
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® [ e
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oge®
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BaF AEBRD
2
2 2 L €T
(lg)fe (1 + tanz)“dz; (20),/(msinr+cosz)2dm
1
21 f cos z cos 2z cos 3xdx; (22 / d
(21) \/.ET+\/:F v
1
23 dz; 24/
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Biaxz+ Cig Bigz+Cis,
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b
] f(z)dz = F(b) — F(a).

/a " fa)da — f ' AP () = F(a)|.

a

E—FXELFRTA

XififENewton-Leibniz 23, W AR BERERE. B 1 ZIH R

PR AR5 55 B R A TR A AR X I Z [R] OPR Z B L R



§5.1 FH4

(A —HRAR: WESORE, JFRE (Rt s) () Ba A2
WS, s TENZARRRE, ROTAAHRBEH AERD X—AK

VR R, P O A A ] f(2)dz.

M &, QRO gL £ B2 ERRARSY, WIRSRIE f B — VR eR
B Rz, BtE— R f(z) WS, MRINTEER— T RRE F(x), W
BUMLR IR R EAE R b TREER 2. FIEER LA Newton-Leibniz A7
R, B TREA T BRI — AR F(z) HEEH 5.14 FESK, X
IERS 4 FEhTAERN—PE. i, X3 F

F(x) 2%3 M f(z) =22,

WIE [a,b] LA F'(z) = f(z), HIELRE TRITHF] 5.1.3 PR 5. (I AR
B 5.1.1 Fi 5.1.2 HRAGEL)

SRTIFIFH Newton-Leibniz AN, TFEHISNAE. FEAWATTH
SRR, — RAEE— SR SR bR (IR TAESE 4 B ERBLTM f(2) =),
AR TN R — TP AE, HIERECRRERR BRI 5 R . — R EITEZ R
B, BARTEFE E R X 8]_L AT FR, (B A TR ek, Bilin, /ER 61 5.1.1— #1 5.1.4 B9
$tE, B 5.1.5 RAGREL J(z), TE45 € B9 IX[E]_EERA R ek dL, I AREEEH
Newton-Leibniz A KITR J(z) BT

HiF Newton-Leibniz AR EZME, WATA H FAIER, EERBHRHET
4 THIRIRE L.

EIE 5.15 &EHK f(z) £ [a,b] TR, FH F(z) £ [a,b] LiELE, £ (a,b)
M T4k, E

F'(z) = f(x), a<z<b,
]

b
f f(x)dz = F(b) — F(a).

'HEHH ﬁT:aI.’EQ <Xy <o B <$n=b%|2.|§] [a,b] H‘J'EE:%:_‘/P%
#1,

Z (F(x;) — F(zi-1)) = F(b) — F(a).
=i

BR F(z) EBAN/NXM [z, 2] B3 RE P EEEPFM. B, 7F77E ¢ €
(11?1—1,18:;), ﬁ’@

F(z;) — F(zi—1) = F'(&)Az: = f(&)Az;.
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FE )
_Z f(&)Az; = F(b) — F(a).

EREHEMRTFAE T 09— Riemann Fl. 5T f(2) 7€ [a.b] FATRL 0%
b
1T — 0 B, BAFS RIS T [ f(z)do, TS T BT 4L, -

@J Cauchy &3 X5 Holder RF X

5.1.6 48 E

B Newton-Leibniz AZCHEARS, JN_E HFKH G ek B8 ek £ (P
AERG). Tt EAERIHPHNEE Sk otk AR R R IE R
o E A RRECR 2 5 R B R ) Leibniz BN MGES. 3@id Newton-
Leibniz A3, Al LA R T PN E A BUR BB RS ok, BPEESZ AR
Fon MR, XA TR R B AR WA I B R SER, BT
X AT ERER, BRI SR RIRR.

IR 5.16 (Royehdetik) REK f(z) £ER [a,b]) LELE, mEH =
p(t) 2T @&

1°pla) =a Z p(f) =b, B4 t N o T2 B B, z = @(t) PTakE A4
4T [a,b].

2° &3 p(t) ZXE [o,B)(3 [8,0]) LAELEGHT (1),

WA TF & e an X

b a3
/ f(z)dz = [ Fo(®)e (H)dt.

iEBR B o < 8. BB FRARTA, PR #AAE, H R
f(x) F flo@)' (t) AFEXE] [a,b] K [o, 8] LEEREL. &% F(z) & f(z)(TF
[a,b] ) 89— pR%R, MIFRYE R A pRELAIR SEE NI AL, F(o(t) 2 f(e)¢'(t)
1E [, 8] EBI— R pREL. 1 Newton-Leibniz A3\, FRi1H

b
f f(z)dz = F(b) — F(a),
LR )
[ F(o(®)¢ (t)dt = F(o(B)) — F(p(a)) = F(b) — F(a).
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XHUIER T Fridd i 555K

4 o > B BHUERA AT 2 U AT O

FiE L5 RERSGBRAZAAL, ERGUBAETEHLH S, AEAREM
2%, RALKEHEZRARRGRSEE, MAEZRSOBRAX P NEEXH
. Es, T3 516 PAREREEHRIM 2 = ot) ARIH GRILEK §4.1 &
2 4.3). b, AEHE 516 7, RS L TR (B o o B) 9 XD AKX EE,
XAFEA, TEGERAIRE T Newton-Leibniz X, miX £ (R45) TRATL
PR B A7 2K A%, L.

E 5.17 (R0 a3 RaiE) RS ulz) 2 vlz) R [o,b] LAE
BHME u(z) 5 v (x), W

b

b b
fu(m)v’(m)dmzu(m)v(m) —f u'(z)v(x)dz,

a

A B A,

b

b b
/u(w)dv(m):u(m)v(m) —/ v(z)du(x).

UERA R R Sk U AR

a

(u(z)v(2)) = v/ (z)v(z) + u(z)v'(2),

=SSP 3 ol S| M o= W Bk e e s SN s AT SOl wha W va b e p 2 i D
Newton-Leibniz 232, 15

b

b b
w(z)v(z)| = / o'l lulE)ds + ] uleh(2)dz. 0

a

2
# 5.1.6 ItHE / z® — 1|d.
0
fR EEN AR R R IntE, F4rB A Newton-Leibniz A3, 15 H

2 1 2
j |:ﬁ3—1|d:r:/ |:r:3—1|da:+/ z® — 1|dz
0 0 1

= [01 —(z® — 1)dz +/12($3 —1)dz

1 2
— —] z3daz+[ 23dx
0 1

2 1
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55 B U R REAI R

1
Bl 517 1 f .
—1

B BRE sgn z 1 = = 0 ALAE MW, HIETE [—1,1) EARREL,
MITIABEE 3R] Newton-Leibniz 222U E RSy, PRI E S B AR 43 09 X R A S,

faih
1 0 1
] sgn xdz = [ sgn rdzr + / sgn zdx.
i —1 0

FEX[E] [—1,0] b, ¥ sgn « 7E o = 0 AbAO{HE, SR ABREEE = = 0 AbI AR FR1E
—1, MR R [—1,0] LiESE (R, X—FL AU R A AT M S AH RN Y
FR4HE), #ETMH Newton-Leibniz 233015

= —1.

0 0
f sgn zdxr = / —1ldz = -2
=1 —1 -1

[ElRE, 7EDX[E] [0,1] |, ¥F sgn = 7E = = 0 AbRY{E, BMUAE N REAE © = 0 AR
1
FRAE 1, Rl ] sgn zdr = 1. Bt AT sR B FR A3 A 0.

WS A58 A Newton-Leibniz A3, (B 5.15), MR E A EHIE: f(z) =
FEIX[E] [—1,0] Ei#EZE, EEW%‘I% BHS¥M —1=sgnz,2 € (-1,0). ﬁleEH?

0 1
REFRAE [ sgn wdz = —1. [AEEA[RH f sgn zdz = 1.
0

i 5.1.8 fr%i/ iii
1

iR ALK BRI E RSy, Wt o £ 0, KR AR R B A>T . A BRI
IR LA 22, 15

= % arctan (% (:c — %)) + C.
(B REsR ) R R BRI T 2 #£ 0, ABEEHE i1 ) i pFL
J T H EmREERITERS, IRATRH P B 2

o) = Loean (L (2-1)), -1<a<o

HT FO-0) = ?n, Ffile X F(0) = gn, W F(z) 7€ [-1,0] Li%ESE, HAE
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Z X [A] RO R il L A, i Newton-Leibniz 23,

i+ 1

0 .2

z¢+1 V2
f_l $4+1dx—F(0)—F(—1)—Tn.

5 H I AT mTXLmﬂﬁ/'“+Hu(1<m<m%wmy
PESEPREL, B (FEIX (8] [—1, 2] - Newton-Leibniz A7)

P +1 . [F+1
Lo | =By P~ ¥e 9=

VR, T Bl FARERLL o2, TR S (destae ) B
N T e

1 V2 1 V2
ﬁ arctanx/ﬁ (:L‘ = —2—) + E arctanﬁ (:c -+ T) ;

FiX—FpRE S Newton-Leibniz 2y 0] B #R 15 0] &+ A9 FRAME.
#l 5.1.9 =K / Vva? — z?2dz (a > 0).

B 4 z=asint(0<1t< MmﬂmﬁxzowJ=0£§x=aﬁJ=g.
FTLL (H B3t )

‘ : 2 .2 a® (%
/ va? —zidx = / a” cos” tdt = —z—f (1 + cos2t)dt
0 0

0
a® i [
= ? (t+ 5811’12t)

%l 5.1.10 R fz sin"zdz K /2 cos"zdz (n=0,1,2,---).
0 0

i Vﬁﬁﬁx=g—t,m§z=05¢,t=g;é’ux:gﬂﬁ,t:o,ﬁ&mﬁ!ﬁ:‘
TS H

3 0 3 3
/ sin"zdz = — f cos"tdt = f cos"tdt = / cos"zdz.
0 x 0 0

2

b
— Eaz
4

0

HKFENRFTK I, = fﬁ sin"zdz. BRI = g,h =1. X n > 2, HEES

0
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E15 3

In_:/ sin" 'zd(— cos )
0

% n
. p— 2 ® s
= —sin" 'z -cosxz| +(n—1) f sin" %z - cos®zdx
0 0

E

2
=(n— l)f sin""2x(1 — sin’z)dz
0

3 b
= (n— 1)[ sin™ %zdz — (n — 1)] sin"zdz.
0 0

Bl I, = (n — DIh_o — (n— 1)1, FRLA

n—1
I, = In_s (n>2
- 2 (n22)
H XA HEA R, FATE
on —1 on—1 2n—3 3 1
= | M . LA
L2 2m, o on 2m—2 4 2 °
_@n-D!! =ng
2n) 2
KAl A5 3
I _2n 2n-2 2 I — (2n)!!
T on+1 2n—1 3 ' (@n+ DI

LRAEE, Y n > 2 B, BATA

: L !
/ sin"zdz =f coszdzx = ( I
n—1!! = .

dzx.

fl 5.1.11 HE 1= fl
0

& bR
n(1 4 z) n12~/11n(1+x)dx
0

1
arctanz - In(1 + x) . /{; 132 =g

arctanz
1+ 2z

HHEE—BUY, 4 2 = tand, X8 0 € [0, ), WESER [ In(l + tan6)do.
2 0

=]
V2 sin (g -+ 9)
cos

@ (2n — DI FI (2n)!! S ANFRIRET n AAEFNRT » MERAEZFER, BI (20 — DIt =
2n—-1)2n—-3)---3-1,2n)!!'=2n-2n —2)---4-2.

1+tanf =

?




§5.1 4

B Es]

! In(1 + ) T i T i
=—]n2+ sin | — + s :
[0 ] 5—dx 3 In /0 In sin ( 1 9) dé /0 In cos 0d6

etk g ==

T — (X o I T 25F) 0), AHATR A AR — R
4%, Wi

1
In(l14+z), =
L 1+12 d:r—gln2,

?%Izgmz
(ﬁjm¢ﬁ%QMﬁm%

5.1.7 HFR4E LEE

eSS 4 BEAMAT S, RA1GHNG12HE TS, —NEAER S (JRRE),
— M REFS. it Newton-Leibniz A, FATHEE, X TA1E)R R AR 9 AR bR
¥, HAEX B A E R, BURIERETE X B Sl 2. RZ, — 1 k%L
(4 JE pR %, o mT DAl ot AR ERRA A . AR E R — A sR B [ R B, 1B
SR AN BRBE Y, TR PR A K R B R 7.

KEMFITFUH, $155 RE R 2055 sR%L, 7255 4 F|h, JAVEA]
RETE/S 1) v A 55 sREOR TR 23 (1) R B (BPHE sR B0 FR 2345 51 R0 55 eRECK
FR).

{HJ2, X T R 3I055 pREL A E TR

f —a? dz, /——-dx fsma: T /sin:rzd:c
Inz

dx
Vao + a1z + - +apz®’
R ) 55 R AR S R B S AL SE PR A FTRERY.
I, —BRiE K055 pR BB AR 7 RS 27 0] 55 pR B, A Bl 2 A5 B
MG FERBR T, SO 1 RATAIET.
W F— N ELEREOR S, HARD R —EFER, B ERBAEES,
MA . YRR REEIRNC L2 RE (WS RE) RERE, £
WA AT AN B pRES s T ARG SO (AR BEATRTREA JFOR Y i AL). 4y

%

/ Vag + arx + -+ - + apz™dz,
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184 %5 % HULRE RS

R KT BRI, FRATTAR DT AGKABUME N — A7t (. L,
B R T S A B AR — . RIS T

(1) BRSNS E N T

EAARPER UL — MRS B, IR, A R (2
R NAE 2 > 0 1SR MIBUIEE e, RRET IR — R I

=

IAEBRBIRA TR SEA RGBT A EX R, X 2 > 0, @l R E X

1
f@) = [ 2du

CREXAE @ > 0 LI~ HELTELT S, WL LT, TR y =
5w B EXE] [1,2] 8% [z,1),2 > 0 Z[E XA (] 5.10). LIS 2B ILM
R, R AR RO R, Tl TR e E) T RSO (1) = 0, f(z)
PR BAPEELE, Y 2 > 1 B, f(z) >0, 4 0<z <10, f(z) <0.

A 5.10
XF x>0,y >0, REL f(z) BA FHIHEE:
f(zy) = f(z) + f(y).

Ty T Ty
flzy) 2[ ldu—f ldu—l—f ldu
1 U 1 u T

XL, BT AR ] g etk X E A RS AR BT HROT u =

xt, H
$y1
/ —du—/ —zdt—/ Zdt,

It IMEBROSSE. 551,

XAE N
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W y=uz 1%
Flg™) = 2fa);
Boy=2z1 Mg

fl@)+fla ) =f1)=0, B fz™!)=—f(a).
Bt NSRS e
f@™) =nf(z), z>0,n B (Efi) REEE
X FAEMERABI o = —, i2 2 =y, Bt 2™ =y, WY

mf(z) = nf(y).
Fir A

N HEEY

RIS R, FATHLE

1 T
e = lim (1 + —) .
n—o0o n

BRI f(2) WO, A
o= (Jim (14 %)) (S %))
:nli_{lgonf (1 - %) .
FUIRU P B, T AE— 1 € [1,1 + %] {78
1 % 4 11

HiIt, X n — oo B, € — 1, FTLAIF f(e) = 1.
AT i ) R BGCAE Ina.
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Fid EMT AL Z XA FRI T2, RN T AR AEF KR &
AR RINZ A R, ARARTR

" /m dt
arctanxT =
o 1+1t2

Fo

arcsinx = f .
0o Vi—12

YE# R 4L arctanz F» arcsinz #9230, KRGl RR FHIFH) = A R AxA
FRRENZ A BH, EATRANG AT, L&A A ic. T LERE
Lk SUIERA = /A R hy R

(2) HERS

IR T ARG RE SO rR BT AR R TRATT IR S B B4 45 R B i, R
WG RS — B EH 2 BER S, HEF R — RS 2R, X B IRA151
2R AR X AR B AR

y dz
= | V-1 - k)
He k B—128 UK

7

) = / \/1—6211,2

1—u2

Hr e A B A B0
AT H 8y FRES AN E a4 R B A, A Y — SR R 4 oR
B sRBF, B LAFE AT IS B A O R b

5.1.8 Taylor BFHRMAIFAS TR

AR, FATHUGHERT Taylor ARG XFPRITFL £
™, T —A-E R Bk 1 o SR B G R
B R MR BRAE IR, % f(z) AEZEN MR, id

R = f(z) — f(a) — f'(a)(z — a)

J& Taylor —TRFFHIRTN. INSRIE o FRAR (XA f(z) A2 BRCEED, 35t
a K%, 1%

R'(a) = —f'(a) — f"(a)(z — a) + f'(a) = —f"(a)(z — a).
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MR, B o B, FFIEREIY o = 2 B, R(z) = 0, MITTK TR N
BB )
R(a) = f 1)@ — t)dt;

HUH R P EA TR

R(a) — R(x) _ R(a) = —R(€) = f"(€)(z - ),

r—a r—a

XA
R(a) = (z — a)(z — §)f"(£),
Het ¢ BAT o 1 2 ZFEAY— 4.

R B EAEHE B R R &, BeeREL f(2) EXEIPEAEE n41
BrEELE T R BB R © = a ZLHT Taylor RIF

"(a () (g
f@ =@+ L0 0y 0 gy g,
K AT R, TR
(a ) (a
Bal0) = (@)~ f(0) - L2 @ —a) = .. - LD g g

BAE, ¥ o BRAER, FTLIY a0 = o B, R, (z) = 0. SRFEXBIFAXT o KT, W
@)y L@@ 1@

R,(a) = —f'(a) - 7~ (= —a) + = g Do —a)— -
L0 ap L2 oy,
HEB RMERMIE, A
R (a)= -1 (n:!)(“) (z — a)™

xt AT, IHEES Ry (2) =0, F

o p(nt)
Rn(a) - / . ' (t) ("I: - t)ndta

n

HFRA Taylor BITHARTKARIFIRA (BARRI). B2, MR HER

A
R(a) ~ R(z) _ R(a)

€r—a r—a

Ft(g)
n!

=-R(§) = -8,
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188 45 % HUSEREIOR

BT LA

R(a) = E= O ey gy

Hrp ¢ BATF o Ml 2 ZAB— 5.

FIFH B ey a5, AT LATS 2 HADTE i i e =K.

(1) &TH Lagrange I\

R AR T, EEBPRRREER T (z— )™ 1E o Fl o ZPIAESI(A
BIE a <z i a> ), HIGRERPECEHE (ST 5.1 58 9 &), fA7E—5 &
T a fl z Z[6], {15

f(n-b—l)(&)/a( )ndt (x(_f)l)'

/ﬁ\fza—i-ﬁh,h—x—a 00«1, ﬁ?ﬁ( @J §3.6 EF'EI’J Lagrange%Iﬁ

hn+l
(n+4+1)!

(2) &I Cauchy FR3
¥ é=a+0hh=0—a0<0<1{CA

Firr ).

n:

£ (a + 6h).

R(CL) (‘E — CL)(JZ — 6) f(n—i—l ({)

il
I EER 2 = (r—a)(1 - 0), A

hn+1

R(a) = ——(1—0)"f"*Y(a + 6h),

n

FFRA Taylor BRI Cauchy F7n (3¢ Cauchy 3T0).
IR Taylor B I 6994, 47Tk A

:/ f’(t)dtz/a f)d(t — )

BB #AT 3R a 5 &, 4

flz) — ff dt/f d(t — z)

— P T[_wtt_xmt
= f'(a)(z — a) + /w () (x — t)dt.

EHTARLEETHRT, b —RER.
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et

@ 5.1

AT A RS R BCAE BT [0, 1] BRI, I
SII]:L' 1 . 1

(1) f(m)—{ x 377é05 (2) f(m):{ESII]E, m;é(),
1, xz=0; 1, & =

1 ) O0<z< 1,

@ @ =1 |3

Os x = 0.

2. JIEM: Dirichlet PREFEEEIX(E] [a,b] EATTEL (KA B8 pRECR AT L)
3. 2B, —ASeREU L X HE PRETE [a, b] PR, ANBELRUEIZRELTE [a, b] LRI L (5

e

il M HAEE Dirichlet BRBATTR HIXAEAI BT HAELTRH 2.1 %45 5 f)
(1) WRAIBREL f(z) T [a,b] AR, HAE— c 4biELE (KB a < e < b), & fle) >

ﬂl’]] f(z)dz > 0;
(2) $EWL: % £ RN [a,b] BAERIELERS, LA HE, W f f(a)de > 0;

(3) Z&BUVLEA, A IiXFERI P FLREL £, FEXE] [a, 0] FAES BAENE, (B F fEiZX A
A 0.
FREL f(z) 7E [a,b] L BAiE e IERT:

b
(b—a)f(a) < / f@)de < (b a)f(b).

¥ fx) 7E [a,b] AT, RIEA (AR
HEB T 1A 35
2n
(1) ] lasinz + beos z|dz < 2mv/a? + b2 (a,b AHE);
0

m™n"

(1) EH: B EE B A &, ATIRAEKIE] [a, b] NFE;
(Pem: HZEERER] a] UL, REER Y f MEcRIE M sR/IME m 7 X 8] 5 5 5
%, H%F —/ f(z)dz B}, G5B RAE.)

(2) ZEEIBERA, R v (D PR SRR SR 2 A0 B 11,
(B 78 [-1,1] L, f(z) == B9FRDR 0; TBCE f(x) TERASALRE, RER
HE.)

b
W f(z) XA [a,b] EAESEREL. UEHA: %/ f(z)dx =0, W] f(z) 7€ (a,b) FZED

A (H, i eREEIRR X — R (5 ., REAEAH: T R E A S S 5 )
(1) BEeREL f(x) 1E [a,b] LIEZE, W g(z) 7€ [a,b] EAIRH AR (SEEIE) /Y, WERA:
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10.

11.

12.

13.
14.

15.

FAE € € [a,b], fHi1%

b b
] f(@)g(@)de = £(£) f g(=)dz;

(e SRV E B EY )

(2) ZEpFliE, (1) XFFRE g(z) MBRELAR DK, (R F [-1,1] E, B
f(@) = g(a) = 2.)

H (1) PGSR B P SOOI SR TR B (5 R B T

b
BB — A FBE: / o(z)dz FHIER, TREE o(z) B f(z)g(z), Hrh

b
F@) 7 g(z) WR LT (1) PH%HE, B f o(z)de BT, H S

m/;bg(ac)d:c < /:Jga(m)dm < M/abg(m)dx,

R M,m S 1) (o] EMBATRAMI 50, [  o(e)da E— I TR
fht, R T AR 5.11 FrE s, B

B 7EETE 5,13 , B f(z) TE @ = c AbiEsk, R F(z) = [ flde e e =2
U FT (B ’

SRR R B A

2

z 1
(1) fe) = [ sinta @ 1@ = [ et

3) f(z) = f " et (4) f(z) = sin ( [0 " gin ( fo ysint2dt) dy).

* T B, R (F71)(0), X F! FoReRs f R
(1) f(z) = f m(l-}—sin(sint))dt; (2) f(z) = / “etdt.
0 1

WA f(x) AMAbIESE. iE F(z) = / " ef(@)dt, K F'(z).
0
I’ f(z) 7€ [0, +o00) L AIEEZELLREL. UEMH: X4 2 > 0 B, pREX

G(m)zf:tf(t)dt//: F(t)dt

Al Newton-Leibniz 2308 F #8143,
n 1
(1) ./o sin zdz; (2) fn z%dz, a AEE, o > 0;

2 3
1
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16.

17.

18.

19.

20.

21.

22

-1, —-1<z<0, .

wflz)=40, x=0, K F(z) = f(t)dt, IFWF7E F(x) 78 [—1,1] LT
1, 0<z<l, o

THET T o PR A TR .

(1) LR vy = vz 5 y = 2* BB R EE;

(2) il y = %,y = 7o® By =1 FRHRIEE.

KRB PR.

f sin t2d¢t
(1) lim 22—,

z—0 xrd '

1 tan x
(2) lim — f arcsin t°dt;
e—0 8In°x Ju

1 1 1 1
3) lim + + S ;
()nﬁm(,/nz vnZ2 —12 vn2 — 922 +\/n2—(n—1)2)

1P 4+ 2P 4 ... 40P
T A L RER p> 0.

(4) lim

s 0 ]

KT FIRER.

(1) lim be_”mzdm, XH a,b AEH, HO<a<b;
o -

(2) nli—»n;o o 1+ :rdm;

(3) ﬂli_)rr;o e Sizxda:, XH o HEE, H a>0.

n
i3

§
1+¢

(FEE: T (2) HHRShEEE, WK
K, WTE n — oo B, REEWTS €™ — 0.)
BEPREL f(x) TEIX[A] [—a,a] LiESE. UEH:

(1) 7 f(x) BA7eREL W /a f(z)dz = 0;

JHP 0<e< ;BB e 5nf

(2) # f(x) E %L, W /;a f(z)dz = 2/0 f(z)dz.

(AREE LA L 50 2.0
W f(a) JEA R T WA, TE: XHER MM o, A

faa+T flx)dz = /OT f(z)dex.

a+T a

(%%:&%j' f@mmzj'ﬂmmaﬁERML%%ﬁﬁmq
T 0

HEF AR
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95 8 AR RERI U

23.

24.

25.

26.

217.

(1) /:n | cos z|dx; (2) f4 [z]dz;

1
(3) cosxln 1Lda:; (4) /
—1 l=2

LME] OO

3
— cos” zdz;

M:l

In2

(5) V1 —e 2=dx; (6) f x arcsin zdx;
0

0

1
- 3.z
7 e dx; 8
()/(; ()(J T+ vVa —-’132

9) /3 Vtan zdx; (10)/ !
0 0

a? sin?z + b2 cos2x

1 2n
(11) / /1 — z2dx; (12) f sin®zdz;
= 0

1 n vl
(13) / el”! . arctan e“dz; (14)/ T g,
=i 0

2 + tan®z
W f(x) 76 [0,1] gk, uEH:

= E]

dz (a > 0,b>0) ;

/n zf(sinz)dr = TI:/§ f(sinx)dx,
0 0

JHx—gE R [ 20 A

o 14 cos?x

1 1 1

UEBH: i <[ sin z2dx < 5
0

(FFE: R R R GE ST 0. B A — D AT IE R e 3.

b
R f(z) 1E [ab] FATEL Rl b%( f F@)dz XN FE f(x) (EX A [a,8] I

AFEE. X F 5 eR %, THEAESR & X ] EAEEIE, KUK | fIMA.
(1) f(z) ==, KA [0,1] K [0,10°];

(2) fla)=e"", KA [0,1] K [0,10%);

(3) f(z) = @e ™, K[E]H [0,1] K [0,10°).

, . B 100 e—:z:

%ﬁe\f%}l—/o e

(1) B T B ATRERFAO | . FFdbit:

(2) SR ib T B3 U, REH6E] 0.000 1. (SRR AR FIA vh Y AR BE AL AR )

(1) B f(x) =2 [0,1] R RBmA ESERE IEH: MMEE a € (0,1), A

fn " f@)dz > a f ' f(a)da:

(2) HUBRBE f(z) 75 [0, 1] LB, LIEHEI']H?H’J**m 1
(#ER: (1) ﬁﬂ;ﬁ"lﬁ?ﬁ: H—Fh s FIH f(l:)dz: = ae/ flax)dz; 56 _FhJ5i::

K gla) = E | f(.r)dac 0<a<l), iEEI}:] g(a) R RR. TR, X R
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28.

29.

30.

31.

fz) ELxX— i, HHEAEH TR (2).)
BERREL f(x) TE [a,b] LAIGE, H |f'(2)] < MOWER z € [a,b]).
(1) # f(a) =0, iF8A:

/ ' [f@)lde < M (b—a)?
(2) & f(a) = f(b) = 0, UERA:

[ @iz < o ap
(7R EA R ERRR SRS (1) BM—EM, B R

G(t) = f f@)lde — S (t— ), a < t < b)

FI AR v = sinz, ¥ F 4 S
T
Vcos 2z
A5 e B AR e =K
FIH

f@ - @ = [ rwa= [ feae-o

3t ZWARFRSY, TEAES Y Taylor B XM EHATH SRR
W f(z) 7 R LigE, 4

o) = [ (£t+) - 10)a,

KiE: g(z,y) = g(y, z).

5.2 EHETRY

AN BB AR RBCR ATERE). B TRl —E—A A, FrdA4
TR ERMBELEXE [o,b) ERIPRE f(o) AT, FREN L, FHAD

AE M Flom, B

m < f(z) <M, z € [a,b].

5.2.1 FERY AR

TER T HIE R, AP
— & DX ] i 53 1

T:a=20 <21 <+ < Tpn=0>0
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194 %Fs5 & HAREREN RS

AR, ZRAER— /DX [z, 2] RGBSR & AR
FEXES AR, XM TRER D HE T, BEeREL f(2) X [z, 2] L#
SN Y7 R L

M; =sup{f(z) | « € [xi—1, 2]}, m;=inf{f(z) |z € [zi—1,xi]},

it
w=M-m, wi=M-my;, 1=12,---,n,
SRR pREL f () FEIX[H] a, b] il [2i=1, %] AR HRDE.
EX 5.18

S(T) = Z M;Az;, S(T)= Z m; Az
i=1 i=1
S NFR A BREL f(x) B9 Darboux | #15 Darboux .
B, M TEEWNL & € [wio, @i, A
mgngf(g?)gAIzSMa ?::1,2,"‘,71,

R R AL f(2) LR —1~ Riemann #l
S(T) =) f(&)Ag;
=1
—ENMNTER Darboux [ #15 Darboux T%ﬂZI‘ETI, ﬂﬁﬂ?ﬁl*ﬂ%ﬁ%ﬁ?‘%ﬂ’l, ]

m(b—a) < S(T) < S(T) < S(T) < M(b - a).

BAEE B, TR, W2R 77 S E) T P — A~ SO8 s 7 #,
Hl

Tiag=Tp < EH <L Bpq L& L~ <8p =5

T:a=x9 <11 < <T1 <Tp <Tp < -+ < Tp =,

W pREL f(x) S BIAEPI DT X [2p_1,xh] R [z, 2] BB EIRA SIS ELE
XIE] (g1, zx] LB EBRFE, B

My > M, =sup{f(z) | € [tk_1,7}]}, Mk > M} =sup{f(z) | = € [z}, zk]}.
PRt

g(T) — E(T’) = ]\/Ik(ﬂ:k — l’k_]) — f\/f,';(.‘r';c = -Tk—l) = f‘rﬂc’(l'k = :l?;c)

> Mg(zk — Tr—1) — Mi(z) — Th—1) — Mi(zr — z}) = 0.
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S(T) - S(T") € M(zp — xp—1) — m(x} — Tk—1) — m(x) — T},

= w(zkp — 2p—1) < w|T.

B
S(T) = 8(T") = 8(T") —w||T|-

X} F Darboux FFIHA X EIER S (T) < S(T') < S(T) +w|T|.

GnR T R or®) T @ B IR FRAS 28 ST AR R R B e F, AR T
R E T RS &I, WA RRIRIER, H

EE 519 X T A452 T HMml (1< < +o0) NoF| 5T E] 6 Ao a5
2], m

> S(T") 2 S(T) — | T,
<S(T') <S(T)+w|T),
S(T) < S(T") - S(T") + 2lw||T||.

(T)
(T)
S(T) -

AR E BRI, FEXTrEINAE (RP4> 0008 BER ) o #R e, B,
TR, BA—F <R

T HEZ#T Darboux EAIS FHIZEMHTE—LRR. & T 1 T BWMER
(403, 285 P A~ B B 408 0 AR SR IE B — i e 7, W T BEE T B
HorE, W T Byimdna#l, Frlh |

EHE 5.20 *TREE [a,b) EZEAANGE T) Fo Ty, — AN 5F 5T L& TF Ao,
BRI B — /NG5t by EFe, Bp

||03 Col

S(T1) < 8(T) < S(T) < S(Tx).

AT _LEET, FA 145 EWEE Darboux RIS T || T — 0 BFEIHRER.
Bh EFS T AR A A, WA SRR (€8 5.19), KT “HIAA
FEENARBR, i EAR PR R R A ST B9FSE, X TR f(x),
WATEEBHA LA (FA) 48RS FRS (B, ic

=inf S(T), I= sup S(T),
TR eEE f () B ERSFTRRS. /ERE R 5.20 19 HHAES, MTAEEMWA

B T OM Ty, AR
S(T) < I<T<S8(Th).

195



196 35 &F AR RBKRSE

EHE 5.21 S TREN [0,b] LEE—AARBHK f(z), % ||T|| — 0 B, f(z)
#) Darboux t (TF) fe—ZHMMR, M ABRRFAAZ L (T) 2%, B

lim S(T)=1, lim S(T)= L.
IT]—0 ITl—0

UERR  FATRIERASE — A, B—FBIENR IS, MRS 5 R A
&, MTEESERIER ¢, FFEXH [(a,b] B—1451#

To:a=xp<xT1<--<x1 =0,

75

1

> 0,

2w + 1
SFAERESE T, RE |T|| <o 6, 5 T #1 To B985 & EEHR— N Hi 5
# T, XE T RAE T Wa#ElsEE L, Z228INT T 891 MaElE (B2
K& L RATRESESAER). ik, AEPE 5.19 74,

S(T) 2 S(T") — lw||T|| > 5(To) — Ww||T||

XEUER] T
lim S(T) = L O

Z I, X FH AR f(z), 3 |T| — 0 i), BRHAFEEAIEE Riemann
il S(T) BEAWR, (B E/ Darboux EH S(T) 5 FF S(T) BIRIR & BFELE
(. AR
S(T) < 8(T) < 8(T)

WATSLBIRT AR H, 4 ||T|| — 0 B, tnfH Hek% f(x) B Darboux H15 F Al
AR FRARSE, W f(z) ZEX[E LAY Riemann Fl S(T) Btk PR —EFELET B 524
Rz, R RE f(x) AT, H] " Tlg'nrg S@ =1, M FEELAER LR ¢, 7

E—NIEE 6, (5 4S0E8 T WHE |T| <o i, B

E

E n
I—§<;f(§i)Am,—<I+2
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X1 & € [Ii_],il?i],i =1,2,---,n hﬁ_\_\ﬂ, BR 17 43 % B — A 7N X ] R B
(F) W, A

Fege i % < S(T) g?(:r)gugu-m,
Al Darboux L F15 F A FRAHS:. XFEFRTA T Hmlmah £

EHE 5.22 RFHK f(z) £EN [o,0] AR, M f(z) £ [o,0] LTRH L
S BEEAY ||T|| — 0 B, f(z) 4 Darboux Lfel5 FAwag s FRARS, BP

Jim  (S(1) - S(T)) = lim ;WéAmi =0,

P wi=M-—m; & f(z) EFDER [z, 1,2:], i=1,--- ,n L8R,
EF 5.22 F5E T AEIUERM, BHERE T e BRI, ATRE ALK
A H PREL Darboux FHIS FAIMHIE (BIATEH N LRSS, R

BEY (7] — 0 B, Y wiAz; BIRBREEET 0 BIA]. S T R, 745K
=1
AN ZRE, BAVG T FeREL f(2) FE—IXE [a,b] b BIPRIE ) 7 —Fh
A
EME 5.23 ARFHK f(z) £ARE [a,b] LK@ TS FH F X KA
w = sup{|f(z) — f(y)| | z,y € [a,b]}.

PpdRtd < T R A X E] AL & R A £ e A eG b AR
IERR R4 X, pREE K] [a,b] b BOHRIE 2 H o FEA T af A0 2,
B

w=M-m, M=sup{f(z)|x¢€]la,b]}, m=inf{f(z)|x¢c [a,b]}.
R, AHMEEM 2,y € [a,b], B
[f@) = fly)l <M -m=w,

Bl w RIS {If(x) - fW)| | z.y € [a,b]} BI—A> FA-
F—HH, MMEELHERIER ¢ AYH e < M —m), T M & f(z) 7

[a,b] BB ERRR, B LATEE— 1 20 € [a,b], 78 f(ao) > M — % FlEE, 4 FF
Wi m, FE— o € [a,b], T8 flyo) < m+ % ES]lid
|f(z0) — f(yo)| = f(zo) — f(yo) > M —m —e=w —e¢,

Bl w RS {|f(2) - fW)| | z,y € [a,b]} BY_EHRA. O
IR R X R A TR, 7EET 5.22 (EAR F Hh 2y sl — s f).
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CORR R G

5.2.2 TAIFAKERA < 2 A M BT B IiE BE

BRAEFRAT IR R BT R AR SRS AR, SR S8 E—1 25 H A AT B pR KRS
A O E FAE BT AIER. B SeuE B, FRATARIL 5.2.1 15 BTt A4 nT AR
T A oK L S PR J R S P S

Bl 5.2.1 JERER 5.3, RIFX[E] [a,b]) b HESEpRE—E A FL.

WERR RN IX 6] 2 pR AT — e & —BOE LR, I AN B 465 € IS &,

—EFE—IEE o, (FIESEEME 2,y € [a,b] R |z —y| <6 B, —EF
f(@) - f)| < 2(;_ e

XF [a,b] B~ B Ta=10 <o < - <o =b, 4 T < 6 B, 7EG—
ANKI [y, @:) b, BIRE o -yl < |T)| < 6,2,y € [wim1, 2], BITTHRHEEE
5.23, f

wi :sup{]f(a:) - f(y)l ‘ x,y € [mi—hmi]} < 2(()— a)?

T A

n E n
;LUZASEZ < 2(b_a) ;A.’E«‘ <E.
BRI f(z) 7€ [a,b] LATER.
B 5.2.2 UEHAEHEE 5.4, B XA E 2L A A RS A A R—
SE A FH,
iERR  RPREL f(x) TEMAIXIE] [a,0] FAER, iC w N f(z) T [a,b] EHITRIE.
HER f(z) 7E [a, 0] LA —DEIWE ¢ € [a,b], AR a < c < b (c 1E
Ui TG T RAL ), SHEBAEMIER ¢, BUES 6 < i RNt 6, <

mm{b;", i ”} MBIERL ¢ J i B9FFR I (¢ — 261, c + 26,) TEFE [a,b] B0

NEB. ML eREL f(z) TEXH [a,c — &1] I [e + 61,0] EorRliEse, 28R 55—
ok, FHIAFAE— MR —MIER 6, (18 |z — y| < 62, 2,y € [a,c— 6] B

2,y € [+ 01,0 B, 7 f(2) — FW)] < 7—.

B § = min{6y, 62}, BHIHXST [a, 0] —D3FEI Tia=a0 <21 <+ <p =
b, 4 ||T|| < & B/NKIE] [2;_1, ;] BFELE (¢ — 261, ¢+ 261) W, BETE [a,c — 61
Y [c+ 01, b] PN, RERNECAr BT 3 R4

iwiAmi = Zw,;sz- - Zw,;A:rz-,
i=1

(1) (2)
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Hrb ) " widz; FoRMIRE/NX BFEAE (c— 261, ¢+ 261) ISRAN, > " wida; &
(1) (2)
ANHARAR . BAR

ZwiAa:i < dwb < e, ZwiA:Ei <e,
(1) (2)

S):id .
Z wiAz; < 2e.

=1

E f(z) 7E [a,b] ERIFR. XA RZAN BB S AEE, IE 5230

Tfﬁ‘%ﬁé% HEEH 5.4 RES =MPHENZR Lebesgue & B —FhREEKH
o, {E P IR A ARl Ab.

Bl 5.2.3 JEBAERE 5.5, RIF X [A] L B3 eR F— e m AR

iEBR AW f(z) 7€ [a,b] LBRIAENE. X TEETE T, EEE R #Y
PRESAEIXNE] [z, ;] b BIYRIE S PR BCE P s B9 (E 2E, BT LA

zn:wiASL‘i = Zn:(Mq, = m,)Aw,
=1

—Z f(@) = f(@i)Aws < T Y _(f () = f(@i1))
~ 7170 - @),

R

n
lim E wz'A:Ei =0.
IT][—0 <

Bl 5.2.4 JEBAERE 5.6, BIFRS%F X (6] A AT A
EA Wa<c<b X [a,c EESE T ca=a0 <21 < - < =
M [c,b] FEERRDE Ty : ¢ = @ < Tmy1 < -+ < 2o = b, FFEIRETH, B
[a,b] B9— >4 T, H
|IT|| = max{|| 71|, | T2/},

BIZ |T1]| — 0, | T2l — 0 BS4 || — 0. Bk, = f(2) #E [a,b] LATEARS, H

n

™m n n
> wildw < Y wilzi, Y wildzi < Y wil,
i=1 i=1

t=m-+1 =1

I 1Tl = 0, | Tell — 0, BIATHE: f(a) £E [a,c] A0 [e,b] EAMHIATRR
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RZ, 5 [a,b] BUE—RE T:a=20 <31 < --- <z, = b, {0 c YER57 15,
B—IndsH T XFE T 53R [a, ] B9 T A [c, 0] BI50H] To, IR

1Tl I T2l < |77 < 7)),
B4 ||T|| — 0 B, ||Ty]| — 0, | T3] — 0. HEH 5.19 H% =45

Z wiz; = §(T) = S(T) = S(T") ~ S(T") — 2w||T|

= ZwiAm,; -+ sz‘Aﬂ?z’ — 2w||T'[].

(1) (2)
X H sz‘Am,ZwiAa:i SRR X BEAS 8] Ty, Ty /N (] HR i sk AL B
(1) (2)

AT — 0, SEATIES f(2) 16 [a,b] LALATAL

Bl 5.2.5 UEHAERE 5.8 Y 20, BITT AL R EBUH TR FTIAR R nT A

ERA B f(x),g(x) I (o, 6] LROTTRLBREL, PIHARRA FoaL. AUk
[f(z)] < M, |g(x)] < M,z € [a,b]. X [a,b) BE—RFI T :a=20 <21 <+ <
Tn = b, AN wi( ), wilg),wi(fg) NEREL f,9, fg TEXIE] (2,1, z;] LAHRNE, W
H

|f(z)g(z) — f(y)g(y)| = |f(x)g(x) — fy)g(x) + f(y)g(z) — f(y)g(y)]
< M|f(z) = f(y)|+ Mlg(z) —g(y)l, =,y € [zi—1,2i]
njig
W?(fg) g‘Z\4((“)'l(f)_l_w?n(g))) 1= 1327 y 1.

RN | i

> wilfg)Aws < M (Z wi( F)Az; + sz(g)mz) ,

=l g=1 f=l
RIVAT 58 B IERH.
I8 5.2

1. sRIX[E] [0,1] L= Dirichlet pR¥AYg AL F1F F145.
2. 4 H Darboux FF1E R LA R
3. TER: WNERPREL f(x) FEXIA] [a,b] ERATER, W | f(z)| ZEXIA] [a,b] EARATER, i HA

/ " fla)dz]| < / ' |z lde.

4 % f(z) TR 0,5 FAB, H f(z) > e > 0. Ki: f—(lx—) (EIK ] [a,b] LA AL
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§5.3 TR RN F

JU TSP AR ZRAERNE (C8 Q) (&R | 59
A9 BT, ATLAR B R E . X TR AR &, RIS HNES
FAXIA O, i Had BAT XKssonT . B, 76 —4ENG00 T XM [o,0] L&
Q BY53A0 LH A2

Q[a, c]) + Q([c. b]) = Q([a,b]), a<ec<b

(HHY c=a B, HREA Q(a) =0).

AR RE 18, 78 LR, BB E LSRR I— 1T
RV E X, SRAEA AR AR ) — MU — SR — BURER, ik
Bk B AL — R R, (823 n 225 00 o T i s AL 8. ) 5K
Pr b, EEGA PO PER, AR AP, XU i AR T &

HE—YEO T, A IENE Q MTEXH [a,b) L, PRE Qz) #riE Q
XtRFXE [a,z] (a <z < b) BRI

F—4, £XME [a,b] FAER—KER do /DX [z, 2 + dz], K&
7 AQ = Q(z +dz) — Q(z) M—ERME f(z)dz, K f(x) BHARE, #15
AQ — f(x)dx B8 dx HEMHIIEST /N

AQ = f(z)dz + o(dz),

Bl f(z)dz ZRREL Q(z) MG AWK f(x)de FEAEMAE Q MIHOT.
B, BT HOTAEXE] [a,0] & “TERRZEM ——— By, WH Newton-

Leibniz 22315

b

b b
f fle)ds = [ Q'(2)de = Q(z)| = Q(b) — Q(a) = Q(b) = Q.

B Q TTLAZR WA :
0= [ f(z)dz.
BOEHE R T EROT. PR Q AR, WA R Q) BAME,

Bk, —fmE, Kl Q(z) #95r, Bl AQ MM FE oy, e— 1A 2 X
iVE 3
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%5 H BURE R F

TR T, LLERROTER SR, TE807 AR ™ M E X
FIUER; X B AL, AT —Rh SUEHERR, JCARM 1 5 XL RS A
Wit 7EYHE, BotkNE— N8O 2Rk, FOETEsHoT, B
AQ WIEFVIML, AR L, TR FE A e B .

5.3.1 FHEHMZRIIK
TEHALIRER T, B KMKEB AB #9)7FN
y=f(z) (a<z<b).
AB KB HOBCEE LR 76 AB FAEESH & (0 5.11)
A= My, My,--- ,M,_1,M, =B,

IR 243 A, Aty AB (1— R BEHTER. #24 max MioaM; — 0 B, 474k

1<i<

B BE BORRBRAFZE, SAFR AB RAISRKM, 3F X —HFR#iE X AB MK,

&l 5.11

RESBIER, 4 f(x) FESETTRON (BD £/ FFLE ELIESE, BLRY, AR AB 2t
W), AB —ERADRKM, I BHKEARR N

b
- f VI+ [ @)Pde,

XA (HALRER TR AR, -
RANTMERMOTES X —AR: & dz > 0, 7 AB FAFEUH A M H M,
HERRTAHN 2 5 o+ dz, WX PSRN

V(dz)? + (f(z + dz) — f(2))2 = v/(dz)? + (f'(z)dz + o(dz))?.
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AT AR R ot (BRI 4)
ds = /14 (f'(z))%dz.

¥ ds FEX[A] [a,b] EARSr, BIAS BRI A,
BT dy = f/(x)dz, O RIRE L] kR

ds = \/(dz)2 + (dy)2.

IR TS ds A BB LTE . W 5.12 s, ZEUYIZE ML Rahihe
HA =M FRAS=ME) LMN b, MN =dz, LN = dy, #

ML =+/MN?+LN? = /(dz)? + (dy)?,
Bl ML = ds. UG, JUT EF, IS s st = 0 =B sha k.

Y
)

|
|
|
|
|
|
xr

& 5.12
R, IR SHO0 st AL bR T RREA S, FRATTERAE SR B AH R BB
ISIEYC
WZIN AB ISEOT#E R
& = #(1), (a<t<p),
y=y(t)

HrAREL x(t) M y(t) ZEXTE [a, 8] AL, H ),y (1) ARHE.
BATEEGE, USE ¢t M o 25| g i, IR AB EAYSMMN A ZEF] B, WY dt > 0
B, A ds > 0. TR B IERC A

ds = /(2 (t))2 + (y/(1))2dt,
MG EISEOF R T I A

-3
. ] V@O T 7).
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85 E JURR BB

LRI AB AR AL bR 7 AR
r=r0) (a<6<p)

gaii, Hrb r(0) 7E [o, 8] EAESMAR. B 0 M o 225 5 B, #IZk EAY s
AZEE| B. TATAE 0 EAZEL B AB WTRFRm S HOT#E

x = r(f)cosb,
y=r(f)sind

(e < 8<p),

WG (2'(0))2 + (4 (0))? = r2(8) + r'*(0), A MK AR

s :[ \/r:"(ﬂ) +r'2(0)de

VERN—B1, FA TR A 5

T = qeCo8st,
(0t < 2n)
y = bsint

R, Hf a>b>0.
SEPR b, HXTERTE, RFEFEMBEMEN T 0 <t < <3 B BE, H IS H
A 5] AR SIS Ay

3 5 3
8= 4/ Va2 sint + b2 cos2tdt = 4af V1 — e? cos?tdt,

Hirp e MR A 30K, BREEIEITIIT, 2 u = cost, W ERFAMb Ky — R R
RUFSY (IR A 22 R TR T 1)

/ V1 62U2
s =4a

V1—u?

=

5.3.2 FHEERRIER

FATE T i Hh 2k R A EIE AR A9 E X, JF BEAEHALIRRT (R
) RERESR H I A T AR, X BRI ot S AR A bR 2R T 19— 2R B A TR
HEAK

T EZE AR AR A T A
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it HoA r(0) FEIXTE] [o, 6] E3ESE, BATEMEX RILGHL 0 =a S 6 =5
it R R 21 B T2 T AR (AP 5.13).

TEX] [o, 8] PAEB—KEE R do IIXTE] (0,0 + d6]. ZEiX /XA |, H
IR r = r(0) FAEFHIZIR, SR mAHOT (B 5.13 PR K )

df = %7-2(0)(19.

i, Bk iR

& 5.13

FATVESRE K, el b v A 22 2CRT LA HH 2t 800 #4528 B
J A P B T AL
BV e P il 2

z = (t), (a<t<h)
y=1(t)

I, Hd o) 5 () BAEZENME, H o(a) = @b), ¢ (a) = »(b). BH
r? =%+ y2, fl = arctan 2’

T
H1 5 R BAETIE U, 75

I U T AT

g =— = .
T de z2 + 92

B 5r2d0 = (ay) — aly)dt. FHEA 0 (OEITETE) M o 5] 6, MBLTEH
t M a ZAEF] b, TR TR

b
s=3 | owo-souo)



PIVCI T 0 O G e

N, 34015k 4 a5 {“z =008t 0 < t < 2n) WIERRN

y = bsint

1 2n
5/ (acost-bcost + asint - bsint)dt = nab.
0

5.3.3 JNEF R

KT ESARRATR, A THEZ AU 4 e e X, X BN 2K
SR, IOt 3 LSRR,

WEEPEN AR~ SEET « B8OPFHE 2 = o X o = b BN
(A 5.14). HHEE K = (o <z <b) HIEHET = Hif Fig@:s A s A
MR S(x) B MEZESE R B, BAEEHE LRI V.

¢ (o=

|
|
|

|
| |
I |
| |
Tz  z+dz b o
% 5.14

|

|

|
a

A UEIXE] [a,b] E—KER do B/DXE] (2, 2 + dz], 3X—/DX[E]_E#)
SMARGERUEE L TR EAEDR S(z), TEA do B/DREE. T21%
HARFBROT R dV = S(z)dz. # dV M o B b F53, WA

V= /ab S(z)dz.

FRE R R A SR R Sl AR R FR. LA BRI RE y = f(x) 7EX[H]
[a,b] FIELEHWHER f(z) > 0. BITELIEH y=f(z), B r=a,2=b K o
FEl B RO BRTE , 43 BI5% o ShiERs — RIS v BlieRs — 8 r s e s R o (.

(1) & = e — RS EEE &R

XX[E [a,b]) PAE—8 =, fEEEET « BHEOTEm, BUEH AR 1580 A m A,
LTHRN y = f(o) WRIKER, B S(z) = ny? = nf2(z). B, B EEAKTF
M, TEFARRIAE R

b
V= nf f2(z)dz.
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(2) & y ®Ed:— B TSR F i AR

BAEFRA1E B Bk A IE (b o > 0) 48 y Bliess— 8 rfs ieis iR ny
AR R, XEIERHIRER v = f(z), HK z = o,z = b K o B Sl
BB, MELE y Wheit— Rt 5923 (6] X AR,

LEX[E] [a,b] FAER—KER do BIIXTE] [z, 2+ dz], FR (FX—/DX[E]) #Y
/NHIERIESE v e — R TS AU E R R A AR, PRI EER A (), TR
KRR ¢+ de X oz BIPRRHERERE, B

f(@)(n(x +dz)? — nz?) = 2naf(z)dz + nf(z)(dz)>.

B&2% de BIEPTIES/N nf (z)(dz)?, FHARRBEIBOCHA 2 f(z)dz, SR EER
A

b
V:QE/ zf(x)dz.

5.3.4 BE¥ R pMIE R

2= (o] b T 640 T AR A 2ol e X BRIV EW, ST
TFT — 235 JRE 2 A P ) v L

W y = f(z) TEXME [a,b] EAEEZMME, IFH f(z) >0 (z € [a,b)).
WUt 2R BE e o BhiEst— &, B Br e A MO ie AR i il i AR S.

TEIX (8] [a,b] EATBUCEE N de BI/NXIE] (2, 2 + dz), %5 AR TiZ X E iy
IMB: MM 55 o WieR:— & TS MBER A ROMITE R AS (B%IE 5.15). MM 7
HVIZ B ML (KEER ds) EMCE, It AS AT ML 2§ » #hiieks— & s
[ 7 B AR R (B 5.15), BRI & MImAA

n- (LR + PR - #BF = n(y + (y + dy)) - ds = 2nyds + ndy - ds.
&2 dz BIEBY G55 /NVE ndy - ds, 1530 R HoT

dS = 2nyds = 2myy/1 + y'?dz.

TR A

b
.S'=2:rtf yy\/ 1+ y"*dz

=2 /b f(z)\/1+ (f'(x))?dz.
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& 5.15
2 P R Bt h S EO 2
{m =T (a<t<B)
y = y(t)

i, Ho o(t) #y(t) 1E [0, 8] LA ELSMGET, WAL

8
5 = 9 / y(t)y/22() + 2 (E)dt.
2 L B A A A T 2

r=rf) (@<0<pP)

i, Ik 0 fE SR MM AR A=

B
S = 23/ r(0) sin 01/ r2(0) + r'*(0)d6.

5.3.5 A hMIHFNEH

— T 5, BE AR XA Th, TR AR A R B R L
{BXFF T m—Fp e A R SRS e, AT LARfocEE b 3,

WYMATE (8) 11 F = F(x) BVERFW « BSE 250 (10907 1 591k
(s 5 [ —2), EHYHEM o Sz sh3) b 5, B2 AR i sh w(ii
E F(z) /& v BEZERED.

FEX[E] [a,b] EAEHR—MEER de BO/NXE] [z, 2 + dz]. ZEXN/DXE] L,
AR 1 S, A Br e Sh T i b B MR F(x) Friish, FRERIh
HIHOT dW = F(z)dz. ¥ dW M a ) b B3, BHAE S F(2) Frtishh

W = /ab F(zx)dz.
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Bl 5.3.1 2458 R m BEERIEACH TR T K, SB35 15
5 KEYEER 1 t/m?).

& & 5.16, RO BAE Ocy ABFRER, DAZETR AIEBR BT AR A2
R/ X FRGA v B, KR = B 2RI ERERN 22+ (y - R)2 = R? (0 <
y < R). FrREGTIEIRA N B K 230 A E i S TR . KA
y (0 <y < R) [FR y — dy IR RIHA nga?dy - (R —vy), HH g HE I
HE, 2?2 = 2Ry — y*. BITIMTHOT

dW = mg(2Ry — y*)(R — y)dy.

WO TR

R
W= [ mg(2Ry —y?)(R - )y = JoR* ().

K 5.16
FXTFEI I EWT: ARSIl 5, B r PR A Z R 5]

TR

b g, me AABEFANR S KRR, ¢ NAAED HER. WEEE— Mk
St—AN A RIE] N, sE AR Z RS, —RnS, FENHASERS. |
TESE S BRI R, W L P T S A

B 5.3.2 HE RS, FER m, KER 2. 756 (FIEHLSE) WL
K2 F A — AR RFR S Q, IO R o (XE o > ). REXMFEL Q
5|1 F.

R LU RO RS, BERTIER LN « B, IMEFR S Q 78 = BHIE I
T

SR A [0, 1] FAE—REER do B/NKIE [z, 2 + da), F/NBSE U R
s, B RN zﬂl dz, TISFEAE Q WIS N o —z. HAESHER, X—/
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210 #HsE PERKBAIRNFE

Byt Q MBIk 6— _dz, Bl

2l(a — x)?
m
AF =G g da,
FREXMNRAD Q W51 /1Hh
Gm [ 1 Gm
¥= 2l J_, (a—m)zdm_ a? — 2’
> 5.3
L. R HIAhZRIN AT
(1) L y = 2> 7£ = = —a 3| z = a Z[AAYIK;
_ 3
(2) B {$ TN <t < om), a> 0 KEA
y = asin®t

(3) Archimedes 228 r = af (0 < 6 < 2n).
2. T A 2R i PR A - T PR 1) TET AR

4 ¥ a2 i 38 3n on T 48 -
(1) AL r acos20(0€[ 4,4)U(4,4 ca HIEHE);

(2) {Izt_smt’ (0 <t <2n) & o bl
¥y =1-—cost
B)y=e"y=e* Ka=1.
3. HE T IIERE AR A
(1) y=sinz (0 < ¢ < n) 5 = FHERAETE 2058 = Bk o Bhied—R;
(2) y=e"(0< z < 1) 5 = ERMETLLE y Hiiess—mE;

(3) {“" =PI 0 <t < om) 5 o WIERIOEIBLS © .

y=1—cost

4 RIE: WL R WEAE, B4 h OBRBAHELY wh? (R L ~’-‘-).

3
5. K9 it £k B — Jl J A S 44 i Ol i AR
(1) 2® +9* = r® L& = fh, HhHEE r > 0;

2 P

(2) a—2+b—2=1§%yﬁﬂ,ﬁ§a>b>0;

(3) y=acoshz (0 < z < a) % = #l;

(4) r = a(1 + cos 0) ZithAh, a > 0.
6. BRA r BIRTTAKS, SKHMAY GREFEE R 1). BUEBERMKE; L, Tz 1?
7. PIFKR L TREN m MBSO TRI—EK L, WFFEwER R [ KPR Z 5]

.
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Riemann F ST BB A PR, —RB 0 XEA IR (7505 REIRIE
A E BRI, EIMEEATE), —REPREAE . IRE RGP
BRI, AR B B A IR PR T 75, %8 Riemann 73 R THUTR) HIPIZEHR
BR. it | PEAERY “RH R4, Tl Riemann B350 B AR R AR R X
B,

5.4.1 TFH X LA S

HAFERXERILFAE. R f(o) 7EXH [o,+00) EAE
SC AR f(z) FEAEAT— DA FRIXIE] [0, A] AT MHY A — 4oo B, B4

A
/ Flx)dz = o(A) 1EH A GRS R, TIFRATEAZAR RO Sk iR £ (x)

+o00

1E (J8%5) X[H] [a, +00) FRIFTF RS, ictE f(z)dz, BIE X

+00

A
fapa= tim [ fe)de = lm_o(4)

a

ERHBFR ST B / f(o)dz TFHE (SU80). 25 L RMIBBRAAEAE, IFRILT

FRADFAE (K.
RAUH, FATTRE SLREL f(x) FEIXTA] (—o0,a] LRITHT A

/:o f(z)dx = c_lir_noo /ca f(z)dz

THRRAC f(x) ZEK I (—oo, +o0) LEOTIFRUNE XN (WFE 5.17)
+oo a +o0
| @ - ] fape+ [ fa)da

o oo/ f(z) d:13+ hm ] f(x)dz,
Hr o L8 GEFE o = 0). BA)IED, 24 EESEXA WA TO5E A

Wesnt, BATARR [ fla)ds W (RLAE RS SOUPIE ROR)
WU L7, JE7% B A - B Bt A T 0 B O T
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5 E RARRBHBIF

0
& 5.17

oo A
N, HSESES [ f@)de REKS, BEERE f f(2)de:
BFISEERAE A — oo BLEBHRE. (ZX—EN, 255 T 4K
o, B LRI SR T EIF BN % TAEI — &, RfT24ARI Newton-
Leibniz A%t ZRET f(z) 2 [a, +o0) b HI— B F(z), MR AL AR
lim F(A): SARIREAER, BB F(o0) 7, RITNERT LIRS

A—+o00
+o00

f(z)dz = F(z)

+00
= F(+00) — F(a).

a

%if / f(z)dz & - f( )dz 7] [E]FE b AbF.
filan, Xt k%L f(z) = m—a, B a=1 01BN, A

A dz 1

i ¢ l1l—o
BAR, & a>1, M A — oo BIHRFRAFFE, Bl
* dz 1

. oz a-1
i o < 1 B, BBRAZEAE. %4 o = 1 B, B8 f(z) = i 4 B B S X B R
In |z, BARE LTI A R )
SRTTT, B B R BB e R, B / f(a)da B — AR 2 A, A

+o0

i o B ARk ORFIR. I T 15 flz)dz RBEWEY, Edg

HEA—ERRIRYE. A PRAER SERAE o A H A — LE AR A LN, LA
Jog5 X 6] EHFR R A X877 1k R S AR R B B PSR, A ALY

& /aA f(z)dz.

(A~ =1).
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5.4.2 B4

X FAEA BRIX JE) G0 R B, TR TR R SR B AR 0 5 (FR VR
R) WS, M3 mBER R XA LA R, aE, BHEENEs K
FERETE, IR RRTAE, S0 20 FRAE A SCh JC 5 sR B B B4y, alFR VIR
4.

A X [E] [a,b] B SS b2 f(x) BOME—— IS, BIeREL f(2) 7EXE]
[a,b) FAEN, 758 b BAESTHR, HIRE f(z) 7E [a,b] EARTEL

R E b SHEEE—A/DXIE (b—e,b), ﬁﬂiﬂ e<b—a BEEMIEE,

b—e
M f(z) TERRIBITXE [a,b -] EATE (AT f f(z)dz HEX), MHY
b—e
e — 0* B, B4 / f(@)de M52 RARECH BB, WIFR f(z) 7EIX (] [a,0] I
b
HIBRUMETE (SOl80), FER s PR Sy BB, 180 / f(z)dz, B

& X .
[[ e, [ st
£ PR BRAFAE, WFR f(z) 1E [a,b] ERBROAFE (BUKE).
KA, GRX AR o ERE f(x) FME—— IR, ME X f(z) 1E

[a,b] EHIERER M
b b
| t@az=tim [ pwyas
R b BRI R A tR 2 AE.
WRIXTE] (a,b) FIPNES AR f(x) BUIRAS, ISHMER ¢ € (a,b), 4P
T‘Rﬁ‘f f(:c)d:c'%] f(x)da #PUCEKET, Eﬁﬁﬁﬁ*ﬂﬁ/ f(x)dz W8, HAE X
PR AR 2 A, BilE X

b c b—n
.t e
[ faaa=tim [ @+ im [ fes

c

b
WK, TS / f(z)de Wb, B o MIREBE X

RIS AR X BN EB, AT ¢ € (a,b) & f(z) B— D, NRE
BT AT RO ZEA TN, 5335025 SRR B f () FEPIAFIXTE] (a, ) Al (c,b) LHIRR
SrECRA. P BUMRTEERT, PRECEORAIXTE] (a,b) b RE TR
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WA eREL f(2) FEXTHE] (a,b) EABCEAA, ARIEAR a9 AT, mT LORE X 6]
(a,b) TERSAE . & f(x) EE—/DNE LRSI, W e A
2 PREAE A X [A] b A IR AR 4

5755 X ) R R HE R, BB, b T AR — AR R I,
FATRBEF R E SGHAT. A b 2 f(z) ME—RYIBUR. AZoRTE T f(2) TEIXIX[H]
R TR REL F(z), WA 2 A Y SOk TR lim F(z) B R
#& Newton-Leibniz A=A

fb f(x)dz = F(b—0) — F(a),

# lim F(z) AEE, W AT R KB

r—h—

1
Biltm, BAS j xiada: HBE RS « > 0 BAERES R Fa) =
0
1

— axl_"’ (M a#10) M F@)=hz (Y a=1). FEREESAWFRE
a < 1 FEL, 78 o > 1 BERHEL

—REEOL T, RATEARTE SRS B 5 B U R AR s, ok 2
BAISFH—1F T 1EE, EAE.

Fid g, BT aXAF RSy

1 s 1
/ SlI”:d:z: 5 / t*Inzdr (o ZFH, a>0),
0 0

T

sinx

HARBHAE =0 & BREAZL, 12F0 A & 5 5 2*Inz ££ (0,1] Lik 4
H% g — 0t BARARE AmAR), ok, RbEHZLXBNRHKE 2 =0
o9, ARARH R EAE [0,1] £49 Riemann TAMARRSE. 8 F, KA
AR TAESF R G P, F LT ERARRBEE v =0 Lo91E, ELH
F A — E AL A MRAE, M AR RHEEANERN [0,1] L

F—J T, T RTCTT X [B]_L s TC A R B SR Ry, AR SO —
PR PRIER, BHlit, ZEMRBRAALEEZ T, # OB M AP B AR 15 LAAR
. TR IHE B H B B3 o Mo SR AP O i, LMEETTR R
R EEERN A

5.4.3 EMS BTSSR

FiTE it R g EocH:. R f(z) E£XE] [a,b) EIEZE, X
H b o[ LR 4o0; M o = @(t) BAEXIE] [, B) b/ k& H I8 385G B n] i R &L, o/ (2)
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L HAREME, XH 8 aJLUE +oo, IFH p(a) = a, p(B) = b(XNEEf#H K
fim tp(t) = b):

S pREE B, TEIX[A] [a,b) b o B H&3 8 H &SRR t = o1 (2),
HH lim o (z) =B.

MAER z0 5 to = ¢ Y=zo) X (a,b) 5 (o, ) FAEE—XFT B AR Y
B, W i E BT A R, 18

f P i@z = [ flet)e @)t

b
BIR, %t — 8 AT 70 — b, RZIFR. B, % / f(z)dz W8, W2 to — 3
'6 a
i, F AR A AR R, B f Flo(t)) (t)dt WeB, FEH

b 8
[ sz = [ 506 0

Rfolsth, & B AR, WA R tllesl, B &S

LA ERHERBEER T (ERAHR) R o MR E o > 8 HFE (X5
a = p(a),b=¢(B)).

Xt (a,0] EBY (R By, ZEEAUETT LS R T.

e E R A B A, B SO b —i iR s, W5 —i iy
B, HFFEMT. X—ENATHTHE (S aleis)) ER, talH
TUERH R B sl

BRG] LURE W B A o SO (TERCIRBL T, SR B e s i
—H THR), ton] LUK — R S H AR A R 75— R X S B

B, TSI - (R R f " Ha)de (a > 0) TS

m:l, il d:r;=—d—g,
y Y

[ [ (2o

b ) — S SO R S — LS.
BAER I RCE R 43, R w = u(z) 5 v = v(z) £ [0, b) L%
ZEnl i, X HE b AT +oo, MXHERE c(a < ¢ < b), FEX[E] [a,¢] FHE X

PRI
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i 17520 /A W £

/c udv = u(z)v(z) ) - fc vdu.
ik ¢ — b, MIANTER], EX=TFEAPNAHRER, WS =T0aHR, HFEA

¥ b
— f vdu,
b
X H u(a:)v(:r:)‘(JL = al;i_IB) u(z)v(z) — u(a)v(a).
XL SR B B a2, B BERT RIS R (B My Sui Ry,

L BEFHSRAE A B B AR L8t
XtFIXIE (a,b] LB FEFGT, SR AT 7 oA AR k.

Bl 5.4.1 % o BAE—IESEEL KiE

400 1
= d
.A A+ 22)(1+2%)

fa " udv = u(e)o(o)

sk, IR HAR.
R % z=tany XHB yc [O,

(=]

), TG

pE B

1

J :fo 1 +tan°‘ydy’
B BT (WA [0,7) biksh, HYE y — 7 BATRR), A

[ L ) S B B ALER 1
NTRM T BE, BRI IXTE 24 [0,1] K [1,+00), FERHR = = > 5

1 ta 0 ta
I =— dt — dt
_Loo (L+¢2)(1 +t2) /1 (1+¢2)(1+t)
+o0 ta, +o0 1
- dt = -1 —dt
fo (1+¢2)(1 +t=) +f0 1+ t2

TT
s e ] e e
+2,

ﬁz:%
B 5.4.2 TEBHIRFRS

I

Iz/zlnsinmdw
0

sl FRHEAE.
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M oLy, A

I =zlnsinz

T % %
2 @ x

— dzr = — dz.
0 o tanz o tanzx

(E R, H L’Hospital 32 00] ] %] li%1+a:1nsin:c = 0.) AR RE—F X7,

PTTHIER] T 3R 1 Bt
ATHE L% =2t 1

T i

I=2~/4 Insin 2tdt = gln2+2[ lnsintdt+2f In cos tdt.
0 0 0

wia

fe ERBUR A (B30 BUT R ¢ = Z—y, A (U §5.1 61 5.1.10 AR

I

Izgln2+2f 1nsintdt—l—2/21nsinydy=gln2+2I,
0 &I

4

T = —g In2.
& 5.4
1. FUT B SR R R A, IR s B B iAEL.
(1) [-I-oo :z:e_mzda:; (2) /+oo:csina:dm;
0 0
® [ @ [ EEL g,
+o00 o0
(5)[ e sin xzdz; (6) /_oo mdw;
1
1
[lnxdx (8) [1 mdw,
rlnz ! 1

+00 1
(11) [ e~%dz (n 4 HAED): (12) fo (Inz)"dz (n H ERED).

+oo
2. REMD / f(z)dz & Cauchy F{HE XN

P.V./j:of(m do = llm f flz

+o0
PR, RS f F(z)dz Wed, M Cauchy EAALH, {7 R i AR — s Hor.
B3¢ FHIR MBS Cauchy F AU,
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(1) P.V T e (z)Pvfoo 2]
V| Txa lE A B %.

+o0
3. ERE F(z) 16 (a,+00) LHESE, JEELEA o JHLA, WA [ fa)de XK

[a ’ fe)da + [b ™ fa)az,

R AT A B AL, F0P b > o JLAT—S80. M 1 /SR B o
o, 1Rk f " p)de s EURRICREL

3 +m 1 N, .
(1) #iEHH /1 - \/mdm Wk, R HAH;
() E91: AHERIS o, [ 7 Lo

0

b
4 Ba<c<b A cREM f(x) XA (0] FME—-RBLE, TBAL f f(z)dz X
. c b : ¢
j’ﬂﬁﬁ/l\ﬁﬁ%f f(z)dzx -'—:Jf f(z)dz BIHL 3K:
4 1 T
% 5 BEEFR/ A
1. 5% m,n RIEEEL, ERH:

2n
(1) / sinma - cosnzdxr = 0;
0

n, W m=n,

0, 4 m#n.
(ARSI, TEVAGE A Fourier ({HH M) S80S h BA A EZM:.)

2. W m,n NIFEE, i

2mn 2n
(2) / sinmz - sinnzdr = / cosmz - cosnzdr =
0 0

1
B(m,n) = /0 z™(1 — xz)"dx.

m!n!

(m+n+1)!

B(m,n) RELH Beta HH (RFK B-RE) HHH. M Blm,n), 0
m>—1 Kn>-1HAEXL BIMEELUGTHE. 28 5.1 5 6 & (2), &
HT m>0,n> 00 B(m,n) B—1 L5441

3. IR T A

WE: (1) B(m,n) = B(n,m);  (2) B(m,n) =




55 5 FLRE I

10.

11.

: 1 s
(1)[ (l—i—:c—g)eﬂid:c;

1

3

(2) ] z|sinz|dz (n i BRED;
0
z+2n i 4
(3) W f(:c):L * (1+esint_e—sint)dt+ 1_!1-1‘/(; f(ﬂdt,ik[) f(z)dz.

1 i 1
naig tan"zdr < — (n=1,2,---).
HERA 2</0 ana::z:<2,(n 12,-0)

b
. EREL f 1E [a,b] ETRH, H ] f(z)dz > 0, iEBH: HBH—AXE] [o,8] C

[a,b], HBIHMEE = € [0, 8], H f(z) > 0. (LB 5.1 56 8 &)

(7 BRESIEAXT, WX [a.b) FHE—0F a =20 < 21 < - < Tp_1 <
T, = b, TEX[H] [®i~i, 4] AERFEAE &, f(&) < 0. = A — AN R IE AR
oA, S ERIRR, AR )

(1) & f AL SR pREL, UE: f A — R R ECh Ay PR

(2) 1% f AL ESER) A PREL, B f AT — [ pR D R (H pR B G HE e )

B 3.1 55 15 8)
2B R, e — D ESA R RS f, 515 £ B9 eRBETRA A A R

(R HE IR 3.1 56 16 M) ($m: E—EZM BRI RE f, iRk
F(z) = fo f(t)dt AEFRE. EE, ALFE F(r) BEAFER)

5 a a ~
I +;1+---+an:0. WERH: ZT agz™ + a1z +- -+ a, FE (0,1)

n+1
WEDA —NF L (B RS 3 JLRE M 3 8, X BERHHRSF
HORISIE. IR 5.1 55 8 MRS5S H.)

WrREL f 7E [0, n) LiESE, HA fn f(z) sinzdx = fnf(:r:) cos xdz = 0. iiE:
0 0

£ (0,7) WAFFEMI S, o1 Fl 2o, 18 f(21) = f(z2) = 0.
(#n: HA f1E (0,n) NEPH DT o HXEME—ZT A, W f 1E

0,z1) 5 (z,,7n) N7 5. T2 /n f(z)sin(z — z)dz # 0, R F=HEFJE.)
0

1
B f(x) AbAabiEZE, £(0) =0, H f'(0) f74E. i F(z) = f f(zy)dy, iEW F(x)
0
AbabRT S, FEKH F/(2).

(1) & f(z) = { el <,

1, lz| > 1,

it F(z) = /0 ’ f(t)dt, iP5 F(x) TERRLEE 5
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12,

13.

14.

15.

16.

% (W 598 5.1 58 16 BAR], AETEKH F(z) HBAE
)
(2) % f(z) :/ cos %dt, SKAE: f.(0) =
0
BEPREL f AbAbi%ESZE. M-

lim [ f(z+ h) - = £(b) — f(a).
R f(z) 7E [a.b] L HESERTIY. TEHR

/ f(z)sin Azdz = 0.

/\‘—'*OO

€% s 117525 |
HEBH:  lim = |sint|dt=%.

YEBA: lim sin"zdz = 0.

n—oo 0

(Hm: EEAIR P AER, B ZRIOBU N T sin"6n (i 0 < & < 3),

[EXARES R, FARGEHES (6.} PE—ATHET g. T AR — PRI

KATHTE. MMEEIER e < 1, 138 6 (5 e AX), HREFH
B PR B ER S — o FH X TEH R, 5 —3Bar i n — oo defaiil, DAE
BHERANT e HATH

z L a
2 2 2
/ sin"zdz = ] sin"zdx + / sin"zdz
0 0 15

<2 (sin (g —6))n+(5:2cos”6+5.

BAERL 6 = %, A o <cos% <1, ﬂcos% 5 n JoK, 8 n 7 KBE, AIE L
KRBT -

B A ﬁ?ﬁ%r‘ﬁﬁ §5.1 Hff 5.1.10, I SEE 1| EHESIEh
5188 (1))
B f(z) & [a,b] LAEZERE, H f(z) = 008 = € [a,b]). I8 f(z) FEIXIXE]

FHERERN M, iERA:
b >
nli_{:gO (/ f"(:z:)d:c) = M.



17. (1) & f(z) & [1,4o0c) LRYBHE | JEGHREL, EH: XHEEITFERH n, A

0<Y S0 - [ @z < sy
k=1 1
(2) & f(z) & [1, +oo) AN, EAREL E: IMEETERE n, A
0< S fk) - f" f(@)dz < £(1).
k=1 !
Ah, B R
lim f(k) — 1l )dm) =«
i (3w [ 16

e, Ho<a< f(1).
($&7m: XFF (1), NAE 5.1 5 5 @Al

k+1
f(k) < /k f@)de < f(k + 1),

Xt k=1,2,--- ,n—13RH, AGHER. 20 nER (2) hEASE.
AER (2) B FRAFAE, FTUERA

g(n) = Zf(lc) —fnf(:c)dg;, n=12,---
k=1 -

FE BRI B Y PR T L EE SR g(n) LA 0 HTFH)
R (R 5 HIEALTRR)) B R —EF R, FTLLER (5 TAab3n)
ELEH R —— FUMERMETE, A T B R EER (X EF R

55 AT P EHARE). DI, RATIES, T S VE & nl (A 258
W L TR RATEARR, A n > 1,4 -

n
1
1 g 7 gl 13
nn kg_lk nn -+

WIS+ BFEIIK, IS o WB. 1A,
k=1

fy—nIi_}n;O( -’lg—lnn)

k=1
FFTE, IXFRA Euler (BRHL) H L.
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18. (Cauchy B AER) % f(z) 5 g(z) 7€ [a,b] LIEZE, UERH:

(f:f(-’r:) ) /f2(zd:cf z)dz,

FS AL LESFMRE: F A g A MERAFE, 8 f(z) = Ag(z) (Kt
z € [a,b]), IXH A B—HE
(. ABA G JLANIER:. X R L BRSR S48 H—AMIERH, 202788 5.1

s 28 BIMHIR. BARMERTENT: T [ (z)dz £ 0, EIEHIH
B g HRE, SR BART (I 51 % 4 1 (2)). BEET ¢ K =TR

f ((2) + to(2))?da, X BEIERE)
19. B f@) 76 [0,1] FAESISE, JER: MHER a € 0,1], A

(@)l < / f(@)ldz + ] ' (z)|de.

20. JIEAA: 0.944 < f 1 %—fdm < 0.947. ($&7~: BFEE 5.1 15 24 SR
0

21. & f(x) fEIX[E] [0,1] F#EZEAIHL, B |f/(z)] < M. WEH: SHEEIEREE n,

M

1, (k
)df—akzzlf(;) g%

22. ¥ f:R — (0,+o0) B— Al eRE, HXMERLE o,y W E

1f'(2) = f' ()] < |z —yl.
KiE: SHEEE =,
(f'(2))* < 2f ().



T M F Ay

TEEAR TR AR R BEA N A, 7T LA S — N LB S () ——
SRR, BB TR KRR E — AR = 5 CRA) Ry SHM
B,y y™ BRERERX (71E)

F(l‘, Y, yl':y”: e 5y(n)) = .

XHEATHERA B AR, HIWiRZ hERS AR TR T & AR R
TR B = AL n, FROXATTRIBY. BT g,y -y BRI,
MFRHEHA (n Br) SRS TEE.

— R y = y(z) TN TR AR, AR ERE R . I Y45 e
JiE)n, BIEA RIS SARRR T R AR, RISRARHI R ¢ = y(x).

W T RS AL A AR E | TR Z L FE e i g Ik
WERAMEENAC. £ ARIED, HRAZER R HBRZ ), & B 2%
AR — SRR A R (RETR), IR 1. R Rk 22 s Ukak
3, TR A —A> (BUL) Mo .

ian, HR¥E Newton FEATER, FLLARIFR m Tz s g S T s B3z
SN ). USRS Ae by, TR S AERT 2] ¢ BYRE S (Shi8) M =(t), IrZ @41k
F(z(t)), W z(t) W2 Newton JFE

F(a(t) = mi(t),

W, SRR b, & FFORITEE] ¢ SR
BRI I A Rz s, B E

i(t)=—g (¢ REIIMEE),
DLK o s i o S s S 1] SR S I B, GRS R  A E PR AL 2o (t) T
mi(t) = —kz(t) (k EHERED.



224 e FE WHMATTRNIL

R 22 A B [ R 5 R AN R 52 4 B E TS Rz 3. N SRIRAT 45 A
—BFZ] (et to = 0) B MRIRAIE =(0) FARILEERE 2(0), MIiZshH5E 2
T, BIBENGERALE, LA E RS A, 15 891z st s 2 i i i
PRAE.

MEEE EF, o TR AR — A ME—. Biln, SR a)—Br i i

y' = f(x),

R TIIER
gy = ]f(;c)d:z = F(z)+ C,

H F(z) & f(z) FE—THENRRE, ¢ RIEEFE EXHIENEL,
F(z) + C #EITEMM. BERXAHERMF A TR B, WRFSERA
SREFBE—MFER R 2o FTHENE y(zo) = o, MFFFEREMF

@) = [ " flaliao

JEME— B, R0 R A A B R
St F— e R B — i
F(z,y,y") =0,

IREAEATER, ERB—BL S —MEERE C, @¥ER R (BL
§1.3 1 “PREHTHAMFIETT )

o(z,y,C) = 0.

WRBEMFIL y = y(z, C), WFRZ M BRI
Xt F—BIEH n Brids iR

F(z,y,9,y", - ,y™) =0,

ERFREEE n» MISAEEFE 0,0, ,Ch, ERNFEIEERFER
®(z,y,C1,--+,Cr) = 0 MBEBER y = ylx,Cp,---,Cy), BN TR ER
SIERY, O, C,, -, C, AR EE. W FIRIE SR

— n—1
y(@o) =vo, ¥(@o)=th -, y™D(zmo)=y

— ORI E T 7 BRI — .



§6.1 —Bridon i

flanxtF B gz sh R, LK g, ERaEgh
z(t) = —%gtz 4 C1t + Cy,

Hrp €y, C; RAEERE WRGEAERZ] t = 0 WEBIG A BEABIIREE 2(0) =
a,£(0) = 3, WFF& ZR A FHF

1
z(t) = —Egtz +Bt+a

T ME— B RE ).

M ERULANRFE AT LUE S, KR 5 R e g s & — R A d 2.
Fir LA S0 7 78 64 188 it BB 08 FHI 490 5 o A B 9 55 R B A GE B SR, WA 7
BN 7718, M X e T B HIFR S E.

SR, REFIRIERR SRR T B 5L B RAER DY, M DI R SR AL
TR ERMEMER. g, X—EARTEAEMSTEFNREE. &
I R B R — L R SR SR B — Br s = B i R B, X T (%) 3t
R — e, BTERSEREP 4.

- |
§6.1 —FEODAE
e e R A e Wy St L i ":__'5':".-' =

S S

6.1.1 SHETEE
Z Bz

R (CX) 1)

—MrR. EMEEXFER R TR, Rt E—FEENSEE. YHEERRE
FREFERIETURT, W 5 T Fw) SR o

R f(z,y) = g(z)h(y), X8 g,h AR = F y FELERE, H h(y) AE
HE, W

dy

5= (z,y) = g(z)h(y) (2)

TE h(y) # 0 BFaT4k K

= = g(z)dz. (3)
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$o6OHMO TR

Moy fER o BIRBCR TR (2) MRS, MRAE— BN, 1 (3) K
NIRRT y Mz BIARER T, 18

hi('z_) . / g(z)dz, B H(y) =G(z) +C, (4)

Ho H(y), G(z) 43 %y) o(z) H— AR, C RAFEEB (R A

b AME RS, (AT / g(z)dz HEEE MR N ©). FIHE (2)

WM (4) 2. BN B (y) = @ £ 0, FTAAFAE R R, R (2) i

LA BRFR y = H1(G(z) + C). MRFEWHERE yo = y(xo), A
WERE C, 18 C = H(y) — G(xo). U2 ERE NSRRI RR N

H(y) — H(yo) = G(z) — G(zo).

R, X h(y) MAE—F AL h(a) =0, WHRE y = a BIRETTR (2) HUE.
XEFREAEAER (2) R (3) P&k, HAM AR EMHERY (4) b, BRI
PR b XA S0 U AR 2 2, BE U R 2 ST REIR AT i
SN

RAIER], HEE (2) b, EHS o RS do BT, Tk y 5
MRS dy BTN —, NIRRT AR ER . SRR RPN a]
PEEBINAE X AL EERE.

Bl 6.1.1 R
dy =
de gy
AR - = e
ydy = —xdz.

PR (ANAE) B4, 157 FE A i
Z+yt=C (C>0),

XAE Ozy AARZEH, Fm DU SN IRLC 1 [R].00 R .
il 6.1.2 KR

(14 2?)ydy + /1 — y2dz = 0.



§6.1 —Bridar iR

BN 1y £ 0B, SPBURRLE, RIS R

ydy  da
1—y2 142

PIAAR Sy, 1575 FR AR AR A
V1—y? =arctanz +C (C HIEEHE).
oy =41 FRIF MM, St b FIX A7 #0925 2
V1—y?—arctanz =C & y = +1.
6.1.2 FIXFRE

AUTTEA B AREE B i, (BAEE M, AT B e R poR .
FITVE B ST IR0 i BRI R X (1 — 2R T 7.
—APREL f(z,y) FER n IRFFIREHL, M ERENE oy 5t A

f(tz,ty) = t" f(z,y).

— Bl TR
P(z,y)dz + Q(z,y)dy =0

FRoWFFik ey, RISEM P F1 Q RRkmFwEs. o DY 8o krkE

Q(z,y)
B, FILEAE W o (L) s, FREROGFUMAI BT R
dy AN
@ (5) )
AT EHFE (5), T8 | AHTBIARF K%L
et
i
W y = uz, T
dy du
TRIE (5) 22
xj—; = p(u) — u. (6)
it (6) AT AR R, LM ; |
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PLRRSY, 135

_/go(ud)u—-u = In|z| + C,

Hh 0 BEEEH. kb EREDWREBRNYE, B g R o, BIfE
FE (5) WM. EE, % ou) —u B LTS uo, W y = uoz BHEM—
B, (BH AN ETE ERERZ R, B4

] 6.1.3 SKffHE
dy  z+y
dz z—vy
B XER—FRIE, EEPS y=uz, B4R, 5
1—u _dx
1+w v g
Hr1s

1
arctanu — = In(1 + u?) = In|z| + Cy,

Hip 0, BIEEHEE % u= g AR, 181 R E R R

/22 s yg — (edrctan -g} EEF' C = e C1
ok IR AL AR, b E A T 5 AL
r=Ce’,

X N _E— R DA S A RO B X R 2R
B 6.1.4 RFEHE

zdy = (y + V2% + y?)dz.
R SEEIE >0 WIHE, et R h

dy y y)2
N 1 LA
dz z+ +(.’B ’

XE—NFRHRE. ERM y = uz, 18

du du dzx
T = Vitu p T

BoriEte
In(u+ v1+4+u?) =lnz+ C,



§6.1 —Brisor i

E*ca%&%ﬁﬁwau:%ﬁALﬁJM%

y+Va2+y2=Cz?, Hrp C=e“ >0.

1 1
5 2 < 0 W, RIS IR, BORTRINN § - 3 (0o - &), K
i C >0 R

6.1.3 —Hr&HHRE

ISR — s AR TP B AR A RS y BT R o ERE IR, WIFR RN
—r R R, BRI PR R
dy

Y+ Py = Q). 7)

A Q(x) A%, WA (—Fr) MEEFXRITE, &0, TR (—
BY) SEIEFFRAEE. HEE, XH SRR A& XSRS RSS2 A .
2SI R

H AT i

dy

Yy Py =0 ®)
RISRARSEAH M A 5 1Y, R — DRI AR R TR 2 y # 0 i, RATTA
% = — P(z)dz

PR, f5 i
In|yl =— /P(a:)da: + Ch,

Her 0 BAEEHFEL ks
y=Ce [P@dz o 0 = 401 (£0).

By =0 BT (8) R, INRAF L i p @A EE C = 0 WSS T XM,
BRI TTRE (8) HEME (i 2aRiR)

y=Ce I P@i (¢ WIEBHR). (9)

BAERMEARFTIRITRE (7), T AR M E AR, X BT Ay
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W AE (7) PIALFIETSE of Ple)dz

d (yef P(m)dm)
dz

_ Q(a:)ef P(z)dz

Bl Rt
yef P(z)dz _ /Q(w)ef P(z)dz q.. i

Rir#2 (7) WA (Y ¢ MEEER

y =e J Pla)dz ( / Q(x)e) Py 4 C) : (10)
IR (7) M5 —FeKE TR 1R
y = C(zx)e~ | Ple)=, (11)
Hrp C(z) 5. RAFRE (7), AT C(z) WHEKF 2
dC(z) _ il
e = Q(z)el Pl)d=,

P R MG
C(z) = f Qz)el P@¥d4z 4+ ¢ (C HIEEHED).

XA (1) e THE (7) BER (10).

HedE (9) 5 (11) ATLLE R, EHEFF OO R (7) B ERACR, Rl o AEAR . i 75
WHERLER R, BEEEE C B5 N = HRE C(z), Fitk, X— ik E
T S5E, XEMS A RPIEEEEN— k. 1o, NEBAK (10) FEAT
ABH: MR RREE, WU, RARNMSFIK T RRAER Ce S Ple)dz
SR SRR BRI — MR o J Ple)as [ Q(a)e! PEMzdy ZH. AT, B
MR KX,

FY—B HEE, FEARRLME AR, (HR] & S e R R, i
MM RS, XH, BRI R, SERETER Bernoulli (1B5
) HE:

dy

i + P(z)y = Q(z)y™, n FAET 0,1 BYSEEL. (12)

TR (12) FRATF EA T SELL vt BRTRERIMIIA, 15

—ndy . l—n __
y g T P@)y T = Q(),



§6.1 —PBifia AR

PR w = ', WG AT

S+ (1= n)P()u = (1 - n)Q(z),
LS SR R (12) AOEAR.
Bl 6.1.5 KiFHTE
dy 1
V"

R XE— (—Br) RMEIEF O RR, ol LU RR R A K, tn] 530
FEM/ASY (10) (BL P(z) = —%,Q(w) — _1), &1

e/ ¥ (C+f—e-f°‘?"dm) = ¢l (C— /e- In |I|dx)
2] (c— f %) (C BATEEH).
ERXGIRAE ¢ > 0 B2

z (C—fd?“’) = 2(C — In|z|);
—z (C’f%) = 2(~C — In|z|).

HT ¢ RIEEWE, SO IR —RiE N
y =2z(C — In|z|).

=

If

Y

fE z < 0 B2

Bl 6.1.6 K
(2y® + y — z)dy — ydz = 0.

R 4 y#£0 B, FREAEER
dy _ Y
dz 2y +y—a’
(SRS 25 E o M 20 B 8 |
dz

dz & 1
—=2y+1—--=, B —4-z=1+2y,
dy y dy y ¥

(L y N AR, = KRR LM, Hiifgh

z=e 1% ([(1+2y)ef%udy+0) = l—:Tl(f(l + 2y)|y|dy + C)

1/1 1 2 C
(i 2pio) =ty 221 C o mirEER.
y \ 2 3 2”3 Yy
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%6 WA HEE
Bl 6.1.7 SRf# R
dy . 3,3
5= zy+xY".
f# XJE Bernoulli 7, 1ERH w =y 2, EMNEETE
au 0.3
n + 2uxr = —2z°,

Hlf SR MR u=1—22+ Ce " (C MEEHE), HUF T BRIEME
1

72 =1—-g2+Ce™™,

BH— 5 y = 0.
6.1.4 FREMHHSHE
— R s R U
F(z,y,y,y") =0.

X BT PIRMERER SR 0 — R A, U, ENTRERAL Y —B i .
(1) AERFRMEBHN M=
A B ITRRRARE y, MRS

ez sy")=0. (13)
B ASHIEE p =y, W o = % X (13) e T M
d

GnSREER N (14) BEMR 6(z,p,C) = 0, ¥ p = o RAXABEMP, XT=HEH
——B IR d(z,y,C) = 0. R TEA—M A, WK T (13) K.
X— R — B BRI —B B4 R .

(2) AESEHTEEN_MHIE

A EPAEE o, MBS R

g(y,y",y") =0. (15)

AW p =y, BIAETHIN y BFECEERR o

y_dp_dpdy _ dp
dr dydz dy’



§6.1 —FridsriE

F& (15) (IR
g (‘y,p, pg—z) = 0. (16)

XRE— KT RABEE p = ply) B— 7, SRR (16) FUEME p = p(y, C)
J&, KRS A T B ——h R o = ply, C) KK # R
Bl 6.1.8 KfF TR

oy’ +y =4z (z #0).
i XRAREARMRBBITE. 2 p=y, WHELHN
zp' +p = 4da. (17)
X —BrE AT R, AT LARR A —BrZe AR IO B B 7 3K . (BB TR
HE), R (17) 2B R

d(zp)
dx

= 4.

TR ap=22%+Cy, B

d C
—y:2a:+—1.
dzx T

B ke, 15 R iR
y = x? + C1 In|z| + Cs,

Hrp €,C, & (ML) (EEFER. &, RITpTmEREE, iy e h
WEFEWA (ML) AEEFEE. XE Ui, KR 7 F2aT LRBCE i
RIGH X, FE AR 3 A ol AR 48 A T B AR R s ER B H 9.

%) 6.1.9 SRHFE

yu . e2y —0

W R AIME S y(0) = 0,1/(0) = 1 FO4FfR.

B OXERRE ¢ R 4 p=y, Wy = p%. RAFERE, 15

@ _ o2y _
pdy e =1
SRR, IR, 15 " .
Sl 220
2p 2e + C4
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234 Hew W IERN

B y(0) = 0,p(0) =4/(0) = 1, # C1 = 0. i p = p(y) = e¥, FTLAFHH T2
dy

3, = P) =¢'.
SR E, R, 15N
—e V=z+C.
B y(0) =0, C=—1, BICRKHERN 1 —e v =2
& 6.1
1. RAE B oA B AR R o T R
(1) (1 +2%)dy = ydz; 2) y = e,
(3) zy +y=1v% (4) yy' = 1—23;'
2. RF TSR,
2
Wy'=5-2 @)y =+
dz dy

3 = ; 2+ 3y*)dz — =0.
(3) pe eyl B (4) (=z° +3y”)dz — 2zydy =0

3. JEBH: Bl

dr a2z + bay + c2
BT, LR A FFIR TR, (B AT RRA

dy (alm+b1y+61)

a1z +biy+c1 =0,
a.z.’L‘-I-bzy +co =0

BAEZM xo,y0 (B zo,y0 AEANFE), WAL u =z — z0,v = y — yo; HMWHFEES T

A EE.)
SKAR T T B 7 AR
(1)@_w+y+3' (2)d_y_2:z+4y+3
de z—y+1’ de  z+2y+1°
4. R FINLMEFFEF Bernoulli J7 2B
O Q+a)y —2ey=(1+2%% @y +—2 =1
(3)y'=mfy3; (4)y’+%=yzlnm;
(5) ' = ytanz + y* cos x; (6) y —y' cosz = y*(1 — sin z) cos .
5. KT FN T FR G R WIE AR 09 R
gt = L 2 _ 1. ;Y _ sinz B
Dy’ =-n=y1)=1 @y +-=—y@=1




§6.2 Bt s

6. KA Tyl TR

1)y +z= 22 +y; (2) 3’ = cos(z —y);
(3) ¥ —e* ¥ + e =0 (4) ¢’ siny + zcosy +z = 0.

7. IR E RS S H Bernoulli 772 B .
8. —ZRhgkid S (2,3), HoE Ak bRkl a) (/T B LR Bewi U s 47, SRaX Skl 4k

0. WHH f(z) MALELE, B f(z) = f “f@)dt (= € R), K f(2).
0

10. EHERMREE R SN RRE R (OIS k). BFEEEAER a, B ¢ B2
MR x(t) 27

11. —J5AELLHEE v = 10 km/h 7Ef#K iz g, BRESIHAER RS 5 X, 25 20 s /5,
TR (T PR v1 = 6 km/h. KPS 3 A BH 7 FYS A 8 BE AR AE B, 35K
(1) ZENHUEIE 2 min J5 SRR EE;
(2) REHUEIE 1 min J5IEME T E HIRETE.

12, R TH B HFE. ,

(1) zy" = y; (2) y" = % +
B)y' =9y + = (4) y" + (y)* =2e7Y.
13. RT3 By PR 2 W {E A 1 AR

/ 2

124 y :D I
Dy’ =2 + = y(1)=1,9(1) =0;
(1) y m+y, y(1) y'(1)

(2) v*y" = —1,y(1) = 1,5'(1) = 0.

B EHE— N EN m WSS ER T BOtRsh A 8. 15 5 o~
BRI, BLAE o flizsh. AR ¢ B e E R o (t), i T EMZR
W B SR RIEL, rEdg i EEA S, L By = —ka(t), HAF k> 0 2
HZEE. B Newton 55 @R, 1230 272 m% = —kz(t), HES wo = \/g,
WS R

d?z 9
e + wpz =0,
PRA B S IRE TR (R AR TRS 2.

B b, SRR SRR IS Fy AEF, B R/ iE S RE b, 5
S H AR, B B — _Vfi_j, Horb v > 0 REUBFRE WG = o, WFA
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e F WHoBRNE

B N
A2
ISAEES) | BLIT 250, A,&iiﬁxiﬂ—*/l\ﬁ%ﬁﬁl‘j} Fiy = acoswt (B
A, FF 0,0 AR W, MIEDTEY
d?zx

=t B— +wiz = acoswt.

s b, R

2[)’ + wiz = 0.

y™ + a1 (2)y™ V) 4+ ag(@)y "D 4+ a1 (@)Y +an(z)y = fl2) (1)

A n BEMERD TR, 3 f = 0 WA n BISFREERD TR, IRAETH
A ai(z),02(2), -, an(z) ARRWIERE, T (1) XFRN n Brd REEAER
R

FESEPRIF R b i i WSRO TR B, B — B2

y" +p(x)y + q(z)y = f(x), (2)
AHRE A S5 IR R
y" +p(x)y + q(z)y =0, (3)

HH p(2),q(z) B f(z) EREGE R KRR —HBORUL, LA R ZME—
B, HE P — B E S AR E L. (BRUIRENTZRRE y(o) W2
HEM y(zo) = a, ¥'(z0) = B, MAXFERIFHIEME—RY. LUFFRA] "—"1&%@%&
p(x), q(x), f(z) FEHXIE] I = (a,b) sAERENEGN RSN
EIR 6.1 (FMAR MY A EE— ) FIH px),q(z), f(z) £EXF T L
4 xy € I, N SHEATS EAHAE o, 8, T FI#{LF M

y' +p(x)y +q(z)y = f(z),
y(zo) = a,y'(z0) = B

FE zo AR A AL y(z). JA, FRFE (FF f(z) = 0) #9#{EF AL,
i RAME y(z0) =0,y (x0) =0 9E—ZE AR, BF y(z) = 0.
X H ARG E R AERE, B T A BT

6.2.1 &M FRMEIEH
XFFRFTRE (3) IREZ IR F HE5L.
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EE 6.2 # yi(x),y2(x) AFFE (3) 9, C1,Cy REZEFTH, U y1(zx) 5

yo(z) B9 LRMELAE
y(z) = Cryi(z) + Caya(z)
HEFAE (3) B9

B, SR R ERAGLMESEW. XTSRRI (2), B2 KuEdn
TEH.

EE 6.3 F yi(x), volz) AIEFRFE (2) OB, 0 yi(z) — yo(z) £
FokFAE (3) t9ME. 8 EM, R y(z) RFRFAE (3) 9, yo(z) RIEFAF
12 (2) 9, B §(z) = yo(z) + y(z) A FRF A (2) 69 %

MEA PN E BEAT LA &R, WARFRATRER Rk (3) AUiE g, LASAEST
AR (2) B— (FRZNFFR), BUAT LIS BEEST RO R (2) B8R,

AT FRFFREH T REIR, FA15 | ARBHLMETR LA LA Wron-

ski (RABTEL) 17500 B9HES.
EX 6.4 & ¢i(2),pa(z) ZXME I ERRE. MRFERSAFTHHE
C1, Co, R FIX[E] T NH—D] 2, A

Cipi1(z) + Copa(z) =0,

AR 2FRX P PREEIX [E] T b REZRMEARH), BNEARENIFEXE] 1 _EREE
TRHY.
EX 6.5 B pi(x),pa(x) ZX[E] T _EHRIFATFREL R

p1(z) p2(x)

W —
®) =@ h(@)

A o1(x), p2(x) B Wronski 17515

BSRAE, IREEE 01 (2), po(z) IR, IFEAZNFTHELR CL, C
R Cro1(z) + Capa(z) = 0, KRF1F Cr1)(z) + Cahy(z) = 0, LELEP N MER
BT B IETH, HikRZEA75)K, BFENIA Wronski 177|:0%FF 0. (B, RZ
HABSL (W 6.2 55 7, 8 ).

SR, YR EREREFFIK AR (3) AR, 5518 8EAR T .

EHE 6.6 XREH yi(x),y(zx) RFRFE 3) @AM, NeMNERXE I
LR MARK G Ao B/ EE) Wronski /T RNAERXE T EEAER.

iERA  AEME. IR0 EAISIESS R, X v (z), yo (o) LUEAHCHT, MR TE
H Cry(x) + Coya(z) = 0,C1y (z) + Coyp(x) = 0 HIAEZHE, FrLAREATII, Bl
y1(z), y2(z) B Wronski 19| FETF.
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BeT WHOHENE

FEE. 7 T WAEI— KL oo, IRIESRAA

y1(xo) y2(xo)
yi(zo) ya(wo)

HILHIFEA S AFHEE C, C TR

W(fl)o) L ={J.

Ciy1(zo) + Cayz(zo) = 0,
C1y}(zo) + Cayi(zo) = 0.

I’ y(z) = Cryi(z) + Coyo(z). BIEEH 6.2 H y(z) BFRFE (3) HIf%, HIE
PE AT
y(@o) =0, y'(z0) =0,

i —E 2Ff#, Bl Ciyi(z) + Caya(z) = 0. 0

TEFEERE S, HAHBI T Wronski 78I E— S 0. FL b, HER
By (z), yo(z) RFFURTTEE (3) I, ABAM y1(2), ya(x) B W (x) ZEXEIAR—
MR, BUATHE AR PEAR G, ARE E PR, HE W (z) TR XEATE
T, WHRERFRFTRE (3) % yi(x), y2(z), ENTE Wronski 175X FE—R R
F, Mabsb A%, Bilk—P S8R

B 6.7 FAFE (3) WA yi(z) 5 ya(z) 89 Wronski 477 X TR+
A F 3] Liouville (3] 4 R) AKX,

W (z) = W(zo)e 2P,

EP o ZRE T AEZE— &
iERR R y(2) 5 ya(x) BFKFTE (3) BIfE, FrLIA

) (z) = —p(x)y) (z) — q(x)y1(z),
yy (2) = —p(x)ys () — q(x)y2(z).
H s

D — @i @) - s @@

= —p(x) (11 (2)ya(z) — i (2)y2(x))
= —p(z)W(x).

BT o J=o P09t qy48

4 (1 el o) g
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XA
W(m)ef:tl PO _ o

BREB. S z=2018 W(x) =C. O

Sie LM ERA S HE L AT 4518,

FIE 6.8 FHFRH yi(z) 5 yelz) AFRFE (3) 9—sTHMBAXH, NE
{149 Wronski 477 X 44 R A X,

T HEAERS I T BRIk Oy el f# R T K

IR 6.9 FRH y(z) 5 yz) AFRFAE (3) H—sFERHELXH, Wiz
F AW AEAT— N T AR T A

y(z) = Ciya(x) + Caya(w),

P C,Cy AFH
WERR  7E yi(z) 5 yo(x) BUE SUBNAER—& 0. X BREIZME T L

P, Al

y1(zo) y2(zo)

y1(xo) ¥5(zo)

B y(z) 2 (3) BWAE—IEZM, ML W (zo) HITE N RE IR #AH

W(zo) = # 0.

Ciy1(zo) + Cayz(z0) = y(zo),
Cry1(zo) + Cays (o) = y' (o)

FEME—N—AEFTH C1,C. 2 g(z) = Cry(z) + Coya(z), M g(z) HLRTT
2 (3) B, H 9(x0) = y(zo), ¥ (x0) = ¥/ (wo). HRAEAIEIRIEAH A ME— 4 T K
J(z) = y(z), B y(z) = Cry(z) + Caoya(z). O
FIKFFE (3) B —XT TR — B AR A
T 6.10 FARH#E 3) WRAAME—EHRE.

iERR  EUPEL oy, 51 F oo, B fH15

Q) O3

# 0, W T P9 B ]

1 2

y" + p(x)y" + q(z)y =0,
y(IO) = alayl(xﬁ) = ﬁl:
y" + p(x)y’ + q(z)y =0,
y(zo) = aa,y' (20) = P2
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B6 B WHOTENL

B rE—%, T H 2R yi(2),ye(z) £ xo 4B Wronski 17512
gl 32 # 0, ES ] y1(x), ya(x) erETe . Bp 1 () H ya () oAl
1 P2

T (3) B— AL, 0

FEid Rk, RAVEW T AT AR (3) AAMA (KRB EM) $HFERF
Ry LEA). SR EAE S RIE, RV RFRFAE (3) kM ES, 72 6.2
FAV Z—AEKWTE, ARBUEE V eg—ak 3t n HFRERMS FEL
A R HG 2 i

BARERR 6.10 L T IFIROTRE (3) FEARAE RUAFAENE, (HIF A 45 R
AFRARPEN . — NERARINER : REAMTE (3) W—PHEZM yi(2),
NIRTA Liouville AZKKT —F yi (v) RIETKHIF ya(2), NIFEI L (3)
AR, BRI

A OHFFRITRE (3) B—1IEFM v (2), BHH

W (z) = g1 (2)yh(2) — ¥} (2)ya(a) = W (zg)e J=0 PO,
AP W(zo) = 1, N EFATF

v1(2)ys(x) — vy (x)y2(z) _ 1 'y [ p(t)de

W(LL‘O) =

vi (x) vi (x)
L
d (yz(fﬂ)) _ | o Jrg P(D)dt
dz \ni(z) ) wi(2) '
Rarnlig

1 [z
y2() =y1(fﬂ)./ y%(x)e Jeo POt g

AR, AT —TCHF v (2) BEIFERITE 3) A —TH p(z). B
IR, ya(z) 5 yi(z) B Wronski fT9IAETE, HILFEWM B TR (3) HIEEA M

2.
Bl 6.2.1 RKFFE xy” —y =0 MIEAR. 1
B S5y =1 BEHERN R TRAIRRR ¢ - Ey’ =0, i
1
pla) =——. )
[ p(t)dt = —In - ,
Zo Lo

B yo(z) = %cmz (C HEED). FFL 22 15 1 BTG, TEREm
H y(z) = C1 + Can? (C1, Cy IEBEEE).
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6.2.2 HEEGE

E—/NRERATHE TR (3) IS, TR IR TRRITHEFF IR
FHE (2) RSt E. RIEEHE 6.3 FIERE 6.9, MR yo(z) BIEFKRFE (2)
HI— 4B, v1(z), yo(z) BN FFRFTE (3) BFIEARRBH, IB2IEFIKFTE (3)
F4) 38

y(z) = Cry(z) + Caya(x) + yo(z) (C1,C HIEEHEE).

Ak, ZEERFFRITE (3) EAMARRHE T, MERSERERNIESTRITE
(2) B)— AR, SREFBATIEIE FRBHES Z.
B 1 (), y2(x) BSFRTRE (3) EAMH. BREIEFRITRE (2) LA

yo(z) = C1(z)y1(z) + Ca(z)y2(x)

AR, (HRES Ci(z) Fl Co(z) AHREEL, TR EREL X EHRZRE

yo(z) = C1(z)y1 () + Ca(z)yz(2) + Ci(2)ys (z) + Ca(z)ya ().
AT ERLUEHRI C (z) 1 Ca(z) KRBT FEL, 4

Ci(z)yn (z) + Cy(z)y2(x) = 0, (4)

HTM yy(z) = C1(z)y} (z) + Ca(z)yh(z). HER T, 15

Yo (z) = Ci(z)yi (z) + Ca(z)yz () + Ci(z)y1(2) + Co(2)ys(2).
FHAHE yo (), yh(z) Ty (z) BFARMRAIEFTIR G (2) 7

Ci(z) (yy + p(x)yy + a(z)yr) + Ca(z) (v5 + p(2)ys + a(2)y2)
+C1(z)yy + Ca(x)yg = f().

HF y1,y2 BFRFE (3) Bf#, M EXFTE
C1(z)y; (x) + C3(z)ys () = f(=). (5)
A yi(z), y2(x) B Wronski 17513 W (z) # 0, BKIL (4) #1 (5) AIfi#4S

oy _B@@ L @)
Cil) = -BE", Gyla) = LT
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FeE W TREML

BRI 1G

Ci(z) =— /x —yz‘&?(];)(t)dt, Cy(x) = f:r ylg)(];)(t)dt.

TRENMNGEHESTROE (2) H— 1 FF#

yo(z) = / ) yl(t)yz(wgv—(gz(t)yl ()

f(t)dt. (6)

0

X EIRATH B B9RR H— A, i R 2SR —HARF LR E R C1 (),
Co(z) BPA]. XHE, TATMFFKTTRE (3) MEAMA N &, FIHHEBES R, 5
BREEARTROT R (2) — 45, M2 (2) B

6.2.3 _MrERZBFREEMS FTRE

AR 6.2.1 NTER I TRBFFUITRE (3) BIFEAMRA M —FPEk, HifdE
R STCE A —, A RERNE 7 — R PIE A aEEA R 4L, Dk, FATIETXT
ZBrE RBGTIRGAEM S TR, R Ual SR EEAS AR 2H B[R] X5 R A A

y' +py +aqy=0, (7)
Hr p, g BEFEE. BEFE (7) AW y(z) = (N BFFEHE) B9, WA
A2e*T 4 Ape*? 4 ge’” = 0.
ST}
M4pr4+g=0. (8)

PR R (7) BFFIE TR, R, REE X BRHE AR — R, O By
R (7) — 1 y(x) = 0. ARIERHIE SRR R ERE, 2T
—=FERTHE:

1° ZHRE AR (8) AR NARIBIZER Ap, Ao, W yy(z) = eM®, ya(z) = 2
IR (7) B, BN 18 Wronski 78I W () = (Mg — A)eP2—2)= £ 0 [H 2
REAMRA. T2 (7) ERAN

y(z) = C1eM* 4 Cre™*  (C1,Cy HHEE).

2° HHFEHTE (8) A —XER A\ = a+i8, A2 = a —ip, M| eM=, er2® 55K
B, B R—XE REuR. b 7T ERLREA#%, B Euler ARA
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R 5 Rk A e T A

e)\lm + e/\zﬂ: e - e)\lil: - eAz:B
— e"sinflr=—-—7"—
2 21

5 (7) MBS R R TO o, R 2 (7) SERRB e . T
& (7) Wk

e cos fzr =

y(z) = (C} cos Bz + Oy sin fz)e®*  (Cy, Ca HHE).

3° FHHMES R (8) A—NEEHMR A, W yi(2) = X BFE (7) M. LERT

A= _g, q= %2. BHRAE yo () = ze? R (7) Mf, BS M &ML TR
(7) BN

y(:c) = Cle)“” + CQ:EeAm (Cl, Cs j‘]ﬁﬁ)

B 6.2.2 SRIAHFE " — 3y + 2y = 0.

R FHMERRRE A2 -3A+2=0. EARNER M =2, A = 1. HILHR
BN y(z) = Cre®® + Che® (Cy, Cy HHE).

B 6.2.3 RMHIE " +y +y=0.

B ORENER N LA+l =0 THMER N = =+ g Ay =

2
L HUERRGERY y(o) - e (01 cos -+ Cysi ?:”)

(C1,Cy MEEHEE).

i A EArA, FATRBUORE I RECTIREMEMA TR (7) BT
HHFHETTAR (8) AUSKARMIE. T B Al PRF A o S R e s R Y R o
HUHES TR (7) BERE, (HEAR E5 EiRTIERE .

SHMABTIES D = L CAEHERECL IS RS Dy = L,
2, k
gk, Dy = 7Y, Dby = T SRR (1) BEE W

(D*+pD + q)y = 0.
AT R RFAE T R oA AN T IESN GX AT M # A2)
N +pA+g=(0— M)A - X),
W BRLA U T ot X

(D* +pD+q)y = (D — Ai)(D — A)y =0,

243



244 e F FWHMATEOL

XEEBIXMEMTEE A A D(\y) = ADy, [FFHEEE]
e (D — Ny = D(e~*y).
it = (D — A2)y, W

(D= X\)j =0,
e~ MZ(D — \1)j = D(e~M%f) = 0.

RIr15
j=CeM* (C RAEEHE,
ES)iid
e~ M2 = e 22%(D — )y = D(e *%y) = CelM1—22)z,
Roris
A elh1—A2)z ' / Al
ey = C +C' (C' AEEEH),

A1 — A2
KRS 2| B R BOTIREME M TR (7) RO

y = C1eM?® + Cre™® (O, Cy NIEEFE).

EE, XBEXMEEFRREA AT I E e, FiAgh B2 w7,
ARdEmE g N, EERLER, RERIEMRLIEE, 25844
PEH-& BT

WMRFE A EARRT, I8 A = X2 = A, XBFHEEHR (D — \)2%y = 0.

0=e"*(D— Ny =e*(D-MN{(D- Ay}
= D{e"**(D — Ny} = D{D(e *y)}
= D*(e™*?y),
PR E RS ey = Cioz + Co, FTLUR FREAVEfE R
y=e(Ciz +C2) (C1,Co HIEEHE.

FIE X ToMF RABFREMMY F ARG KM SRR B RB 0 B
w AT REMBSH A

y™ +aiy™ V4t an 1y +any =0,
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A Bjext p ey R AE 7 A2
At A i tan_iA+a, =0

BEAR, AR, EREFHSE, FRB_NHE YRR T, F R yidid I
M, Rg—LFH T oMo TR RGE TR &
T TR X3 FrF42

v '+ oy +qy = f(z),

TR FRFTAZ ¢ +py +qu=0ITABHF ERKBEH FxR 6.2.2 )
WAy g ik ROk AR TR F A6 4F RF, Bt AT B4R ok A2 ah Al A

@. ZHw RBEFRE MM FE

*6.2.4 RIFTENIRF

VERNAR T RIS, A 1T EHREN 7572 K e [ L.
(1) EERBNGTE

d?z
@ + wg‘:c =,

o wp = \/g SR TR B A, k SR BE RN, m RS R

VIR HREREFIE RN A2 + wd = 0, R A A = Hiwe. EILT I REL
HIFEAFRL N cos wot, sinwot, HAE R

z(t) = C} coswot + Cysinwpt  (Cp,Co j’yﬁ%%"ﬁ)

A

= SEE 1y C1 ST,

A=4/C7+C5, cosp= _\/C_YfTC_g’ sinp = ———m,
Wil 3 77 R (AT LA s i B FIE
z(t) = Acos(wgt + ).

XH A o S FRRIRIEHAEAL, EATE B RSNPIETRGER (IEW C,Cy &
D ). TRBIRIN T = 2, & SRR AR X

b
wo
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(2) PFHEEH#RZN A T2 ,
d“zx dx
32 T28g +wjz =0,
KH B = — SRR v RIEH. EATRORHENER 22 + 26\ +wf =0,
1°0 < B < wo, WAFHESBIRE - XIMWER ) = -4+ iw, Hif

w = /R — B2, TTTPELIE 1% 3 7 72 Al At
z(t) = e PY(C) coswt + Cosinwt) (Cy,Co FIEEFHED.
SRS, L AE g ] AR R A
z(t) = A(t) cos(wt + ),

HAIRIE A(t) = Ae Pt HAEBERL, IRINARHD w = /w2 — 52,
2° B = wo, XMIETEFR N “In BB . ATEHME FEAER A= -8 <0, Xf
IV BELJE e 3l 5 ) 3

z(t) = e PHCy + Cat) (C1,Co MIEEHE).

3° > wo, XMIFTEARA “IBHIE”. BLRMFAET IR A1, A BAHF I
SCHY, BELIE P )7 72 9 i i 2

z(t) = CreMt + Cre’?t,

PN LIS
(3) ZiBHRFN T
Z L PO TR B S8 ks R
d2z 2
Frel + wpx = acoswt,
XH F(t) = acoswt FRNZIAT] (WARKBN ), w R3ZE KR, AR
P THrE REEEFFREH TR, B 1° B, X R FRIR T R B A AR R
coswot, sinwot. ARG 6.2.2 /T HEBAESGEL HAYAK, AT IR 328 IR3h Uy
REH— M, HETMAS 21277 72 A8 .

SR, SRAFAR A 7 3 o] A EMA R SRR . X IRATHOT 6.2.2 /MR
R EBGTR, BHA 320 ksl r BRI, EERIZE RN w, il
SEIA IR PL R EA BA R w, KSR S BAZE R o RIS
fn, B g i BAT T 5

x(t) = C} coswot + Ca sinwpt + C coswt + Dsinwt  (Cy, C; AEEFED),
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XH C, D FFE. X2 IR B BN N

zo(t) = C coswt + Dsinwt.

AT

—w?C+wiC=a, —-w’D+wlD=0,

e

a

2 _ 2’
wy —w

C: D=0.

PR b 5230 41 31 0 2 ) LA A

a
z(t) = C1 coswot + Cs sinwpt + —— coswi.

R EWIE 2(0) = «/(0) = 0, WIXFR Hf# N

a
T(t) = coswt — coswpt).
0= 75 ot)

R Y258 1 R T IR E A PR, Bl w — w i,

t
z(t) — z(t) = QG—%SiDQJgt,

XA T R, AR B PR Pl ] etk .

L

> 6.2
E T HES, CAATERE—DR#R gy, BORETRE R
(1) y" + %y' +y=0,4 = Su;x; (2) y" sin? z = 2y, y1 = cot z;

(3) (1-z)y" —2xy’' + 2y =0,y = z.

FeFAMEE SR T FIFF T B — N HEF i, R 53R TR A0HE .

(1) z*y” — 2zy’ 4+ 2y = 0,z # O; (2) zy" —(14+z)y' +y =0,z #0.
EEARE (14 22)y" + 22y’ — 62% — 2 = 0 M—PEFR o1 = 22, BORIZ TR ERER
 y(-1) = 0,'(-1) = 0 HIFF#.

-SRI E R BT ROT R R E .

My -2 —y=0; (2) ¥ + 2y + 2y = 0;
(3)y"+y —6y=0.
RKFFHE REBAEFFIR TR A — R

(1) y" +y = 2sin %; (2) ¥ — 6y’ + 9y = (z + 1)e*=.

WAFPRECA 1, 2,22, o™ TESCH EERMETEE, PRELAL 1, cos®z, sin®a 76325 [ 2k A
x.
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7. AEM: TEXIA] T _EARTERAMEAHSC BB PR v (), ya2 (), BT Wronski 175X — &1

8. MEWI T eREAEXE] (0,2) ERLMICKRRE), HRENK Wronski 175 HME N
(z) = (z—1)?2 0<=z<], (z) = 0, 0<z<,
o, 122 29 lz-17 l<z<2

9. RFH 5 HR 3 .
(1) 2" + 32" + 32" + 2 =0 (2) """ — 22" + ' — 22 = 0;
(3) ™ — 82" + 18z = 0; (4) z¥® +2z" + z = 0.



FT® RFRHK

XF—PT55 K] SR a8, 72 H Taylor BIFH, WRAT#E T 0, W K%L
Al LUE IR TE55 21 AN EUCRE AR RS NI 25 5. (R B SR 7= AL B[Rl —
JEHEA L BRI BURIT BLTIE S5 24 HA pREL (A0S [R]UCR A A R B[R] F B ) =
FRREL) BN, Rl 055 2~ R B N RE A AR HAS A S5 pR U PR
e B 25X S a) B2 |/, FATLARH B “Jo55 21 RS MmdlE . Ak,
WATE A T I ZALHAEM R & X

7.1.1 EXAEESS5HER

P55 R, SRS Z ML an,n = 1,2,3,-- - KA MA—MER L
HSRF

ian=a1+az+---+an+---,
=i
H o, MEEENET. X BRAVARAE D~ FRRARNE—T—HEKE
n=1

FZF, T S WHRRARME T — EREVE n T0, 35K S, = 3 ax =
Gt o HYOETET n TEBAE SRS, B EEIL T

l+qg+¢+-+q"+---,
a+(a+d)+(a+2d)+ (a+3d)+---,
1—14+1—=1+4 4 (-1 4.

5 — I RIR A T LA B ST LU, AXERE, EHIHT n 05 FIE
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